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CLASSIFICATION OF POTENTIAL STRUCTURES ON
MINKOWSKI SPACE OVER SUBGROUPS OF THE
POINCARE´ GROUP
M. A. PARINOV
Abstract. We describe classes of potential structures (covector
fields) on Minkowski space that admit subgroups of the Poincare´
group. We describe also seven classes of Maxwell spaces that admit
subgroups of the Poincare´ group.
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1. Introduction
Using the classification of subgroups of the Poincare´ group [1] we
classified Maxwell spaces with respect these subgroups [2, 3]. We use
classes of potential structures on Minkowski space, that admit the
same subgroups of the Poincare´ group, for obtaining representatives
of Maxwell spaces classes in [3]. Some classes of potential structures
were described in [4, 5], in this paper we present for the first time the
classification of potential structures completely. This classification is
interesting itself, moreover it helps to define more precisely some classes
of Maxwell spaces. For example some classes Cp,q in spite of [2, 3] turn
out non-empty, we describe them in appendix.
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2. Formulation of the problem and method of its
solution
For any smooth, real manifold M we define a potential structure as
a differential 1-form A = Ai dx
i, Ai = Ai(x), x ∈M [2].
Let M be a four-dimensional manifold; let also g = gijdx
idxj be a
pseudo-Euclidean metric onM of Lorentz signature (−−−+). We may
understand a pair (M, g) as a domain in the Minkowski space R41. Any
triple (M, g, A) is interpreted as a four-potential of electromagnetic
field. A Maxwell space is a triple (M, g, F ), where
F = dA = Fijdx
idxj (Fij = ∂iAj − ∂jAi) (2.1)
is a generalized symplectic structure [2]. Since 2-form F is closed,
dF = 0 ⇔ ∂[iFjk] = 0,
then we may understand Fij as a tensor of electromagnetic field
1.
The problem of group classification of potential structures (M, g, A)
(potentials on M ⊂ R41) is analogous to the problem of classification
Maxwell spaces over subgroups of the Poincare´ group [2, 3]. For every
subgroup Gp,q, corresponding to the algebra Lp,q = L{ξ1, . . . , ξp}
2, we
find the class Pp,q of potentials Ai, which are invariant respectively this
group; the potential A ∈ Pp,q satisfies to the invariance condition
LξαAi = 0 (α = 1, . . . , p = dimLp,q) (2.2)
(Lξ is the Lie derivative). Solving (2.2) for every algebra Lp,q in [1],
we’ll get the complete group classification3 of potential structures.
We take the basis of the Lie algebra corresponding to the Poincare´
group as follows
e1 = (1, 0, 0, 0), e2 = (0, 1, 0, 0), e3 = (0, 0, 1, 0), e4 = (0, 0, 0, 1),
e12 = (−x
2, x1, 0, 0), e13 = (x
3, 0,−x1, 0), e23 = (0,−x
3, x2, 0),
e14 = (x
4, 0, 0, x1), e24 = (0, x
4, 0, x2), e34 = (0, 0, x
4, x3).
Here {xi} are the Galilean coordinates such that
gij = diag(−1,−1,−1, 1).
In what follows, L{ξ1, . . . , ξp} is the linear combination of vectors
ξ1, . . . , ξp. We suppose that components of all tensors correspond to
the Galilean coordinates {xi} even if they are expressed as functions
of other variables.
Remark 1. Every potential A ∈ Pp,q admits the group Gp,q or more
wide subgroup of the Poincare´ group.
1If the second Maxwell equation ∇kF
ik = − 4pi
c
J i is satisfied (if we disregard
by physical restrictions, then we may understand this equation as a definition of
current).
2See the list of subgroups in [1].
3We execute this operation only for algebras Lp,q such that p ≤ 6.
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3. Classes of potential structures
3.1. Potentials that admit one-dimensional symmetry groups.
3.1.1. Translations. There are three types of non-conjugate in pairs,
one-dimensional subgroups of translations.
3.1.1.1. Class P1,1a. The algebra L1,1a = L{e1} corresponds to the
one-dimensional group G1,1a of translations along the space-like vector
e1. The equation (2.2) for the vector ξ = e1 takes the form
∂1Ai = 0. (3.1)
Therefore all components of covector field Ai are independent of x
1.
Statement 1. The class P1,1a of potentials that admit the group G1,1a
consists of the fields Ai = Ai(x
2, x3, x4).
3.1.1.2. Class P1,1b. The algebra L1,1b = L{e4} corresponds to the
one-dimensional group G1,1b of translations along the time-like vector
e4. The equation (2.2) for the vector ξ = e4 takes the form
∂4Ai = 0. (3.2)
Therefore all components of covector field Ai are independent of x
4.
Statement 2. The class P1,1b of potentials that admit the group G1,1b
consists of the fields Ai = Ai(x
1, x2, x3).
3.1.1.3. Class P1,1c. The algebra L1,1c = L{e2 + e4} corresponds
to the one-dimensional group G1,1c of translations along the isotropic
vector e2 + e4. The equation (2.2) for the vector ξ = e2 + e4 takes the
form
∂2Ai + ∂4Ai = 0. (3.3)
Using the substitution
v1 = x1, v2 = x2 + x4, v3 = x3, v4 = x2 − x4, (3.4)
we receive the solution of equation (3.3)
Ai = Ai(v
1, v3, v4) = Ai(x
1, x3, x2 − x4), (3.5)
where Ai(v
1, v3, v4) are arbitrary functions.
Statement 3. The class P1,1c of potentials that admit the group G1,1c
consists of the fields (3.5).
3.1.2. Elliptic helices. The algebra L1,2 = L{e13 + λe2 + µe4} corre-
sponds to the one-dimensional group G1,2 of elliptic helices or rotations.
The equation (2.2) for the vector ξ = e13 + λe2 + µe4 takes the form
x3∂1Ai + λ∂2Ai − x
1∂3Ai + µ∂4Ai + A1δ
3
i − A3δ
1
i = 0. (3.6)
Using the substitution {xi} 7→ {x˜i} = {r, x˜2, ϕ, x˜4},
x1 = r sinϕ, x2 = λϕ+ x˜2, x3 = r cosϕ, x4 = µϕ+ x˜4, (3.7)
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we transform the equation (3.6) to the system of equations
∂A1
∂ϕ
−A3 = 0,
∂A2
∂ϕ
= 0,
∂A3
∂ϕ
+ A1 = 0,
∂A4
∂ϕ
= 0. (3.8)
We have the following expression for the solution of the system (3.8)
A1 = C1 cosϕ+ C2 sinϕ, A2 = A2(r, x˜
2, x˜4),
A3 = −C1 sinϕ+ C2 cosϕ, A4 = A4(r, x˜
2, x˜4),
(3.9)
where Ci = Ci(r, x˜
2, x˜4) are arbitrary functions.
Statement 4. The class P1,2 of potentials that admit the group G1,2
consists of the fields (3.9).
3.1.3. Hyperbolic helices. The algebra L1,3 = L{e24+λe1} corresponds
to the one-dimensional group G1,3 of hyperbolic helices or pseudo-
rotations (Lorentz transformations). The equation (2.2) for the vector
ξ = e24 + λe1 takes the form
λ∂1Ai + x
4∂2Ai + x
2∂4Ai + A2δ
4
i + A4δ
2
i = 0. (3.10)
Using the substitution
x1 = λϕ+ x˜1, x2 = r coshϕ, x3 = x˜3, x4 = r sinhϕ (3.11)
we transform the equation (3.10) to the system of equations
∂A1
∂ϕ
= 0,
∂A2
∂ϕ
+ A4 = 0,
∂A3
∂ϕ
= 0,
∂A4
∂ϕ
+ A2 = 0. (3.12)
We have the following expression for the solution of the system (3.12)
A1 = A1(x˜
1, r, x˜3), A2 = C1 coshϕ+ C2 sinhϕ,
A3 = A3(x˜
1, r, x˜3), A4 = −C1 sinhϕ− C2 coshϕ,
(3.13)
where Ci = Ci(x˜
1, r, x˜3) are arbitrary functions.
Statement 5. The class P1,3 of potentials that admit the group G1,3
consists of the fields (3.13).
3.1.4. Parabolic helices. The algebra L1,4 = L{e12 − e14 + λe2 + µe3}
(λ, µ = const, λµ = 0) corresponds to the one-dimensional group G1,4
of parabolic helices or parabolic rotations. The equation (2.2) for the
vector ξ = e12 − e14 + λe2 + µe3 takes the form
XAi −A1(δ
2
i + δ
4
i ) + (A2 −A4)δ
1
i = 0, (3.14)
where
X = −(x2 + x4)∂1 + (x
1 + λ)∂2 + µ∂3 − x
1∂4. (3.15)
We consider 3 cases: a) λ = µ = 0; b) λ = 0, µ 6= 0; c) λ 6= 0, µ = 0.
3.1.4.1. Class P1,4a. For λ = µ = 0 we use the substitution
x˜1 = x2 + x4, x˜2 = −x1/(x2 + x4),
x˜3 = x3, x˜4 =
1
2
(x1)2 + x2(x2 + x4);
(3.16)
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the operator (3.15) is replaced by partial derivative with respect to x˜2
and the equation (3.14) is transformed to the system of equations
∂A1
∂x˜2
+ A2 − A4 = 0,
∂A2
∂x˜2
− A1 = 0,
∂A3
∂x˜2
= 0,
∂A4
∂x˜2
− A1 = 0. (3.17)
We have the following expression for the solution of the system (3.17)
A1 = C2x˜
2 + C3, A2 =
1
2
C2(x˜
2)2 + C3x˜
2 + C1,
A3 = A3(x˜
1, x˜3, x˜4), A4 = A2 + C2,
(3.18)
where A3(x˜
1, x˜3, x˜4) and Ck = Ck(x˜
1, x˜3, x˜4) (k = 1, 2, 3) are arbi-
trary functions.
Statement 6. The class P1,4a of potentials that admit the group G1,4a,
corresponding to the algebra L1,4 (λ = µ = 0), consists of the fields
(3.18).
3.1.4.2. Class P1,4b. For λ = 0, µ 6= 0 we use in place of (3.16) the
substitution
x˜1 = x2 + x4, x˜2 = −x1/(x2 + x4),
x˜3 = x3 +
µx1
x2 + x4
, x˜4 =
1
2
(x1)2 + x2(x2 + x4);
(3.19)
then the equation (3.14) is transformed to the system (3.17).
Statement 7. The class P1,4b of potentials that admit the group G1,4b,
corresponding to the algebra L1,4 (λ = 0, µ 6= 0), is defined by (3.18),
where the substitution (3.16) is replaced by (3.19).
3.1.4.3. Class P1,4c. For λ 6= 0, µ = 0 we use in place of (3.16) the
substitution
x˜1 = 2λx1 +
(
x2 + x4
)2
, x˜2 = (x2 + x4)/λ, x˜3 = x3,
x˜4 = λx4 + x1(x2 + x4) +
(
x2 + x4
)3
/3λ,
(3.20)
which transforms (3.14) to (3.17).
Statement 8. The class P1,4c of potentials that admit the group G1,4c,
corresponding to the algebra L1,4 (λ 6= 0, µ = 0), is defined by (3.18),
where the substitution (3.16) is replaced by (3.20).
3.1.5. Proportional bi-rotations. The algebra L1,5 = L{e13+λe24} cor-
responds to the group G1,5 of proportional bi-rotations. The equation
(2.2) for the vector ξ = e13 + λe24 takes the form
XAi + A1δ
3
i + λA2δ
4
i − A3δ
1
i + λA4δ
2
i , (3.21)
X = x3∂1 + λx
4∂2 − x
1∂3 + λx
2∂4. (3.22)
We use the substitution {xi} → {r, ρ, θ, ϕ},
x1 = r cos(θ − ϕ), x2 = ρ cosh(λϕ),
x3 = r sin(θ − ϕ), x4 = ρ sinh(λϕ);
(3.23)
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the operator (3.22) is replaced by partial derivative with respect to ϕ
and the equation (3.21) is transformed to the system of equations
∂A1
∂ϕ
−A3 = 0,
∂A2
∂ϕ
+ λA4 = 0,
∂A3
∂ϕ
+ A1 = 0,
∂A4
∂ϕ
+ λA2 = 0.
(3.24)
We have the following expression for the solution of the system (3.24)
A1 = C1 cosϕ+ C2 sinϕ, A2 = C3 coshλϕ+ C4 sinhλϕ,
A3 = −C1 sinϕ+ C2 cosϕ, A4 = −C3 sinhλϕ− C4 coshλϕ,
(3.25)
where Ci = Ci(ρ, r, θ) are arbitrary functions.
Statement 9. The class P1,5 of potentials that admit the group G1,5
consists of the fields (3.25).
3.2. Potentials that admit two-dimensional symmetry groups.
3.2.1. Translations. There are three types of non-conjugate in pairs,
two-dimensional subgroups of translations.
3.2.1.1. Class P2,1a. The algebra L2,1a = L{e1, e2} corresponds to
the group G2,1a of translations along the vectors of the Euclidean plane.
We have L1,1a ⊂ L2,1a, therefore the class C2,1a is a subclass of the class
C1,1a. The equation (2.2) for the vector ξ = e2 takes the form
∂2Ai = 0, (3.26)
Substituting Ai(x
2, x3, x4) for Ai in (3.26), we get the following result.
Statement 10. The class P2,1a of potentials that admit the group G2,1a
consists of the fields Ai = Ai(x
3, x4).
3.2.1.2. Class P2,1b. The algebra L2,1b = L{e2, e4} corresponds
to the group G2,1b of translations along the vectors of the pseudo-
Euclidean plane. Since L1,1b ⊂ L2,1b, we have P2,1b ⊂ P1,1b. Substi-
tuting Ai(x
1, x2, x3) for Ai in (3.26), we get the following result.
Statement 11. The class P2,1b of potentials that admit the group G2,1b
consists of the fields Ai = Ai(x
1, x3).
3.2.1.3. Class P2,1c. The algebra L2,1c = L{e1, e2 + e4} corresponds
to the group G2,1c of translations along the vectors of the isotropic
plane. Since L1,1c ⊂ L2,1c, we have P2,1c ⊂ P1,1c. Combining (3.5) and
(3.1), we get the following result.
Statement 12. The class P2,1c of potentials that admit the group G2,1c
consists of the fields Ai = Ai(x
3, x2 − x4).
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3.2.2. Class P2,2. The algebra L2,2 = L{e13 + µe4, e2} corresponds to
the group G2,2 generated by elliptic helices with a time-like axis and by
translations along a space-like straight line. Let L1,2b = L{e13 + µe4}
be the algebra L1,2 for λ = 0. Since L1,2b ⊂ L2,2, we have P2,2 ⊂ P1,2b.
Since λ = 0, the substitution (3.7) takes the form
x1 = r sinϕ, x2 = x˜2, x3 = r cosϕ, x4 = µϕ+ x˜4. (3.27)
Substituting (3.9) for Ai in (3.26), we get
A1 = C1 cosϕ+ C2 sinϕ, A2 = A2(r, x˜
4),
A3 = −C1 sinϕ+ C2 cosϕ, A4 = A4(r, x˜
4),
(3.28)
where Ci = Ci(r, x˜
4) are arbitrary functions.
Statement 13. The class P2,2 of potentials that admit the group G2,2
consists of the fields (3.28).
3.2.3. Class P2,3. The algebra L2,3 = L{e13 + λe2, e4} corresponds to
the group G2,3 generated by elliptic helices with a space-like axis and
by translations along a time-like straight line. By P1,2a denote the class
P1,2 for µ = 0, λ 6= 0. The class P2,3 is an intersection of P1,1b and P1,2a.
In this case, the substitution (3.7) takes the form
x1 = r sinϕ, x2 = λϕ+ x˜2, x3 = r cosϕ, x4 = x˜4. (3.29)
Since P2,3 ⊂ P1,2, it follows that P2,3 is defined by (3.9). If P2,3 ⊂ P1,1b,
then all components Ai are independent of x
4, therefore we have the
following result.
Statement 14. The class P2,3 of potentials that admit the group G2,3
consists of the following fields
A1 = b1 cosϕ+ b2 sinϕ, A2 = A2(r, x˜
2),
A3 = −b1 sinϕ+ b2 cosϕ, A4 = A4(r, x˜
2),
(3.30)
where bk = bk(r, x˜
2), A2(r, x˜
2), and A4(r, x˜
2) are arbitrary functions
(the transformation of coordinates is defined by (3.29)).
3.2.4. Class P2,4. The algebra L2,4 = L{e13+λe2, e2+e4} corresponds
to the group G2,4 generated by elliptic helices with a space-like axis
and by translations along an isotropic straight line. The class P2,4 is
an intersection of classes P1,2a and P1,1c. Substituting (3.9) for Ai in
(3.3), we get the following result.
Statement 15. The class P2,4 of potentials that admit the group G2,4
consists of the following fields
A1 = C1 cosϕ+ C2 sinϕ, A2 = A2(r, x˜
2 − x˜4),
A3 = −C1 sinϕ+ C2 cosϕ, A4 = A4(r, x˜
2 − x˜4),
(3.31)
where Ci = Ci(r, x˜
2 − x˜4) are arbitrary functions (the transformation
of coordinates is defined by (3.29)).
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3.2.5. Class P2,5. The algebra L2,5 = L{e24 + λe3, e1} corresponds to
the group G2,5 generated by hyperbolic helices and by translations
along the space-like straight line. By P1,3a denote the class of potentials
that admit the group G1,3a corresponding to the algebra
L1,3a = L{e24 + λe3};
it is defined by (3.13), where the substitution (3.11) is replaced by the
following one:
x1 = x˜1, x2 = r coshϕ, x3 = λϕ+ x˜3, x4 = r sinhϕ. (3.32)
The class P2,5 is an intersection of classes P1,3a and P1,1a. Combining
(3.13), (3.32), and (3.1), we get the following result.
Statement 16. The class P2,5 of potentials that admit the group G2,5
consists of the following fields
A1 = A1(r, x˜
3), A2 = C1 coshϕ+ C2 sinhϕ,
A3 = A3(r, x˜
3), A4 = −C1 sinhϕ− C2 coshϕ,
(3.33)
where Ci = Ci(r, x˜
3) are arbitrary functions and the transformation of
coordinates is defined by (3.32).
3.2.6. Class P2,6. The algebra L2,6 = L{e24+λe3, e2−e4} corresponds
to the group G2,6 generated by hyperbolic helices and by transla-
tions along the isotropic straight line. Since L1,3a ⊂ L2,6, we have
P2,6 ⊂ P1,3a. The equation (2.2) for the vector ξ = e2 − e4 takes the
form
∂2Ai − ∂4Ai = 0. (3.34)
Using the substitution (3.32), we solve the equation (3.34) for the po-
tential (3.13). We get the following result.
Statement 17. The class P2,6 of potentials that admit the group G2,6
consists of the following fields
A1 = A1(x˜
1, x˜3 − λ ln r), A2 = C1 coshϕ+ C2 sinhϕ,
A3 = A3(x˜
1, x˜3 − λ ln r), A4 = −C1 sinhϕ− C2 coshϕ,
(3.35)
where
C1 = a1(x˜
1, x˜3 − λ ln r) cosh ln r + a2(x˜
1, x˜3 − λ ln r) sinh ln r,
C2 = a1(x˜
1, x˜3 − λ ln r) sinh ln r + a2(x˜
1, x˜3 − λ ln r) cosh ln r;
(3.36)
the transformation of coordinates is defined by (3.32).
3.2.7. Here we describe classes of potentials corresponding to the al-
gebra L2,7 = L{e12 − e14 + λe2 + µe3, e2 − e4} (λµ = 0) for various λ
and µ. The corresponding group G2,7 is generated by parabolic helices
and by translations along the isotropic straight line. The algebra L2,7
is an extension of L1,4 by means of the vector ξ = e2 − e4; therefore
corresponding classes P2,7a, P2,7b, and P2,7c are restrictions of classes
P1,4a, P1,4b, and P1,4c by the condition (3.34).
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3.2.7.1. Class P2,7a. For λ = µ = 0 the substitution (3.16) trans-
forms the equation (3.34) to the form x˜1 ∂Ai/∂x˜
4 = 0; therefore all
components of potential are independent of x˜4.
Statement 18. The class P2,7a of potentials that admit the group G2,7a,
corresponding to the algebra L2,7 (λ = µ = 0), consists of the following
fields
A1 = C2x˜
2 + C3, A2 =
1
2
C2(x˜
2)2 + C3x˜
2 + C1,
A3 = A3(x˜
1, x˜3), A4 = A2 + C2,
(3.37)
where A3(x˜
1, x˜3) and Ck = Ck(x˜
1, x˜3) (k = 1, 2, 3) are arbitrary func-
tions and the transformation of coordinates is defined by (3.16).
3.2.7.2. Class P2,7b. For λ = 0, µ 6= 0 we use the substitution (3.19)
instead of (3.16). We have the following result.
Statement 19. The class P2,7b of potentials that admit the group G2,7b,
corresponding to the algebra L2,7 (λ = 0, µ 6= 0), consists of the fields
(3.37), where the transformation of coordinates is defined by (3.19).
3.2.7.3. Class P2,7c. For λ 6= 0 and µ = 0 the substitution (3.20)
transforms the equation (3.34) to the form: −λ ∂Ai/∂x˜
4 = 0; therefore
all components of potential are independent of x˜4.
Statement 20. The class P2,7c of potentials that admit the group G2,7c,
corresponding to the algebra L2,7 (λ 6= 0, µ = 0), consists of the fields
(3.37), where the transformation of coordinates is defined by (3.20).
3.2.8. Class P2,8. The algebra L2,8 = L{e12−e14+λe2, e3} corresponds
to the group G2,8 generated by parabolic helices and by translations
along a space-like straight line. Since L1,4c ⊂ L2,8, then P2,8 ⊂ P1,4c.
The class P2,8 is a restriction of the class P1,4c by the condition (2.2)
for the vector e3
∂3Ai = 0. (3.38)
The substitution (3.20) transforms the equation (3.38) to the form:
∂Ai/∂x˜
3 = 0; thus we have the following result.
Statement 21. The class P2,8 of potentials that admit the group G2,8
consists of the following fields
A1 = C2x˜
2 + C3, A2 =
1
2
C2(x˜
2)2 + C3x˜
2 + C1,
A3 = A3(x˜
1, x˜4), A4 = A2 + C2,
(3.39)
where A3(x˜
1, x˜4) and Ck = Ck(x˜
1, x˜4) (k = 1, 2, 3) are arbitrary func-
tions and the transformation of coordinates is defined by (3.20).
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3.2.9. Class P2,9. The algebra L2,9 = L{e13+λe24, e2−e4} corresponds
to the group G2,9 generated by proportional bi-rotations and by trans-
lations along an isotropic straight line. Since L1,5 ⊂ L2,9, then the class
P2,9 is a subclass of the class P1,5. The class P2,9 is a restriction of the
class P1,5 by the condition (3.34) ((2.2) for the vector e2 − e4). The
substitution (3.23) transforms the equation (3.34) to the form:
∂Ai
∂ϕ
+
∂Ai
∂θ
− λρ
∂Ai
∂ρ
= 0; (3.40)
thus we have the following result.
Statement 22. The class P2,9 of potentials that admit the group G2,9
consists of the following fields
A1 = C1 cosϕ+ C2 sinϕ, A2 = ρΦ3e
λϕ,
A3 = −C1 sinϕ+ C2 cosϕ, A4 = −ρΦ3e
λϕ,
(3.41)
C1 = Φ1 cos
ln ρ
λ
+ Φ2 sin
ln ρ
λ
,
C2 = −Φ1 sin
ln ρ
λ
+ Φ2 cos
ln ρ
λ
,
(3.42)
where Φk = Φk(r, λθ + ln ρ) are arbitrary functions and the transfor-
mation of coordinates is defined by (3.23).
3.2.10. Class P2,10. The algebra L2,10 = L{e13, e24} = L{e13+e24, e13}
corresponds to the group G2,10 generated by rotations and pseudo-
rotations or, equivalently, by rotations and proportional bi-rotations
for λ = 1. As L1,5 ⊂ L2,10, then C2,10 ⊂ C1,5 (λ = 1). In this case
(3.25) takes the form
A1 = C1 cosϕ+ C2 sinϕ, A2 = C3e
ϕ + C4e
−ϕ,
A3 = −C1 sinϕ+ C2 cosϕ, A4 = −C3e
ϕ + C4e
−ϕ.
(3.43)
Substituting (3.43) for Ai in the equation (3.6) for λ = µ = 0
x3∂1Ai − x
1∂3Ai + A1δ
3
i − A3δ
1
i = 0, (3.44)
we obtain the following result.
Statement 23. The class P2,10 of potentials that admit the group G2,10
consists of the following fields
A1 = −t1 sin(θ − ϕ) + t2 cos(θ − ϕ), A2 = t3e
ϕ + t4e
−ϕ,
A3 = t1 cos(θ − ϕ) + t2 sin(θ − ϕ), A4 = −t3e
ϕ + t4e
−ϕ,
(3.45)
where tk = tk(r, ρ) are arbitrary functions and the transformation of
coordinates is defined by (3.23) for λ = 1 :
x1 = r cos(θ − ϕ), x2 = ρ coshϕ,
x3 = r sin(θ − ϕ), x4 = ρ sinhϕ.
(3.46)
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3.2.11. Here we describe classes of potentials corresponding to the al-
gebra L2,11 = L{e12 − e14 + λe1 + µe3, e23 + e34 − µe1 + λe3}
(λ = 0, µ 6= 0 ∼ λ 6= 0, µ = 0). The case λ = µ = 0 is required
for description some following classes.
3.2.11.1. Class P2,11 (λ = 0, µ 6= 0). The algebra L2,11 corre-
sponds to the group G2,11 generated by two one-dimensional subgroups
of parabolic helices with different axises. Since L1,4b ⊂ L2,11, then
P2,11 ⊂ P1,4b. For description the class P2,11 we substitute (3.18)–(3.19)
for Ai in equation (2.2) for the vector ξ = e23 + e34 − µe1
XAi −A2δ
3
i + A3(δ
2
i + δ
4
i ) + A4δ
3
i = 0, (3.47)
Xf = −µ∂1f − x
3∂2f + (x
2 + x4)∂3f + x
3∂4f =
=
µ
x˜1
∂f
∂x˜2
+
(x˜1)2 − µ2
x˜1
∂f
∂x˜3
− x˜1x˜3
∂f
∂x˜4
. (3.48)
We use the substitution
u =
x˜1x˜3
(x˜1)2 − µ2
, v =
1
2
(x˜1x˜3)2 + x˜4
(
(x˜1)2 − µ2
)
(3.49)
to solve these equations; we obtain the following result.
Statement 24. The class P2,11 of potentials that admit the group G2,11
consists of the following fields
A1 = Φx˜
2 +Ψ, A2 =
1
2
Φ
(
x˜2
)2
+Ψx˜2 + Ξ,
A3 = Υ, A4 =
1
2
Φ
(
x˜2
)2
+Ψx˜2 + Ξ + Φ,
(3.50)
Ψ = −
µu
x˜1
Φ + C1, Υ = −Φu + C2,
Ξ =
µ2 + (x˜1)
2
2 (x˜1)2
Φu2 −
µC1 + x˜
1C2
x˜1
u+ C3,
(3.51)
where Φ = Φ(x˜1, v) and Ck = Ck(x˜
1, v) are arbitrary functions and
transformations of variables are defined by (3.19) and (3.49).
3.2.11.2. Class P2,11a (λ = µ = 0). The algebra
L2,11a = L{e12 − e14, e23 + e34}
corresponds to the group G2,11a generated by two one-dimensional sub-
groups of parabolic rotations. We write the equation (2.2) for the basis
vectors e12 − e14 and e23 + e34:
XA1 + A2 − A4 = 0, XA2 −A1 = 0, XA3 = 0, XA4 − A1 = 0,
X = −(x2 + x4)∂1 + x
1∂2 − x
1∂4, (3.52)
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and
Y A1 = 0, Y A2 + A3 = 0, Y A3 −A2 + A4 = 0, Y A4 + A3 = 0,
Y = −x3∂2 + (x
2 + x4)∂3 + x
3∂4. (3.53)
We use the substitution
x˜1 = x2 + x4, x˜2 = −x1/(x2 + x4), x˜3 = x3/(x2 + x4),
x˜4 = (x1)2 + (x2)2 + (x3)2 − (x4)2;
(3.54)
the operator X is replaced by partial derivative with respect to x˜2, the
operator Y — by partial derivative with respect to x˜3. We have the
following solution of the system (3.52)–(3.53):
A1 = −x˜
2 Φ+Ψ, A2 = −
1
2
Φ((x˜2)2 + (x˜3)2) + x˜2Ψ− x˜3Ξ + Θ,
A3 = x˜
3Φ + Ξ, A4 = A2 − Φ, (3.55)
where Φ = Φ(x˜1, x˜4), Ψ = Ψ(x˜1, x˜4), Ξ = Ξ(x˜1, x˜4) and Θ = Θ(x˜1, x˜4)
are arbitrary functions.
Statement 25. The class P2,11a of potentials that admit the group
G2,11a is defined by (3.55) and (3.54).
3.2.12. Class P2,12. The algebra L2,12 = L{e12 − e14, e24 + λe3} cor-
responds to the group G2,12 generated by parabolic rotations and by
hyperbolic helices. Since L1,4a ⊂ L2,12 and L1,3a ⊂ L2,12, then P2,12 =
P1,4a ∩P1,3a. For description the class P2,12 we substitute (3.18)–(3.16)
for Ai in equation (2.2) for the vector ξ = e24 + λe3
x4∂2Ai + λ∂3Ai + x
2∂4Ai + A2δ
4
i + A4δ
2
i = 0. (3.56)
The equation (3.56) is a system
XA1 = 0, XA2 + A4 = 0, XA3 = 0, XA4 + A2 = 0, (3.57)
where the operator X by substitution (3.16) is replaced to the form:
Xf = x4∂2f + λ∂3f + x
2∂4f = x˜
1 ∂f
∂x˜1
− x˜2
∂f
∂x˜2
+ λ
∂f
∂x˜3
+ (x˜1)2
∂f
∂x˜4
.
Substituting (3.18) for Ai in (3.57), we obtain some differential equa-
tion; taking into account a linear independence of the functions (x˜2)2,
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x˜2, and 1, we get the following system
x˜1
∂C2
∂x˜1
+ λ
∂C2
∂x˜3
+ (x˜1)2
∂C2
∂x˜4
− C2 = 0,
x˜1
∂C3
∂x˜1
+ λ
∂C3
∂x˜3
+ (x˜1)2
∂C3
∂x˜4
= 0,
x˜1
∂A3
∂x˜1
+ λ
∂A3
∂x˜3
+ (x˜1)2
∂A3
∂x˜4
= 0,
x˜1
∂C1
∂x˜1
+ λ
∂C1
∂x˜3
+ (x˜1)2
∂C1
∂x˜4
+ C1 + C2 = 0,
x˜1
∂C1
∂x˜1
+ λ
∂C1
∂x˜3
+ (x˜1)2
∂C1
∂x˜4
+ C1+
+ x˜1
∂C2
∂x˜1
+ λ
∂C2
∂x˜3
+ (x˜1)2
∂C2
∂x˜4
= 0.
(3.58)
Using the substitution
u = x˜3 − λ ln x˜1, v = x˜4 −
1
2
(
x˜1
)2
, (3.59)
we integrate the system (3.58); the result is
C1 = −
x˜1
2
Φ1 +
1
x˜1
Φ2, C2 = x˜
1Φ1, C3 = Φ3, A3 = Φ4, (3.60)
where Φk = Φk(u, v) are arbitrary functions. Substituting (3.60) for
Ck and A3 in (3.18), we obtain the following result.
Statement 26. The class P2,12 of potentials that admit the group G2,12
is defined by
A1 = x˜
1x˜2Φ1 + Φ3, A2 =
x˜1
2
((
x˜2
)2
− 1
)
Φ1 + x˜
2Φ3 +
Φ2
x˜1
,
A3 = Φ4, A4 =
x˜1
2
((
x˜2
)2
+ 1
)
Φ1 + x˜
2Φ3 +
Φ2
x˜1
,
(3.61)
where transformations of variables are defined by (3.16) and (3.59).
3.3. Potentials that admit three-dimensional symmetry groups.
3.3.1. Here we describe classes of potentials corresponding to three-
dimensional groups of translations.
3.3.1.1. Class P3,1a The algebra L3,1a = L{e1, e2, e3} corresponds to
the group G3,1a of translations along the vectors of three-dimensional
Euclidean space Ox1x2x3. Since L2,1a ⊂ L3,1a, then the class P3,1a is a
subclass of P2,1a. Substituting Ai(x
3, x4) for Ai in the equation (3.38)
((2.2) for the vector ξ = e3), we have the following result.
Statement 27. The class P3,1a of potentials that admit the group G3,1a
consists of the fields Ai = Ai(x
4).
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3.3.1.2. Class P3,1b. The algebra L3,1b = L{e1, e2, e4} corresponds
to the group G3,1b of translations along the vectors of three-dimensi-
onal pseudo-Euclidean space Ox1x2x4. Since L2,1b ⊂ L3,1b, then the
class C3,1b is a subclass of C2,1b. Substituting Ai(x
1, x3) for Ai in the
equation (3.2), we have the following result.
Statement 28. The class P3,1b of potentials that admit the group G3,1b
consists of the fields Ai = Ai(x
3).
3.3.1.3. Class P3,1c The algebra L3,1c = L{e1, e3, e2+e4} corresponds
to the group G3,1c of translations along the vectors of a three-dimen-
sional isotropic space. Since L2,1c ⊂ L3,1c, then the class P3,1c is a
subclass of P2,1c. Substituting Ai(x
3, x2−x4) for Ai in (3.38), we have
the following result.
Statement 29. The class P3,1c of potentials that admit the group G3,1c
consists of the fields Ai = Ai(x
2 − x4).
3.3.2. Class P3,2. The algebra L3,2 = L{e13+λe2, e1, e3} (λ 6= 0) corre-
sponds to the group G3,2 generated by elliptic helices with a space-like
axis and by translations along the vectors of the two-dimensional Eu-
clidian plane. We obtain the class P3,2 as a solution of the system of
equations (3.1), (3.38), and (3.6) for µ = 0:
x3∂1Ai + λ∂2Ai − x
1∂3Ai + A1δ
3
i −A3δ
1
i = 0. (3.62)
The solution of the system (3.1)–(3.38) is Ai = Ai(x
2, x4). Substituting
Ai(x
2, x4) for Ai in equation (3.62), we have
λ∂2A1 − A3 = 0, λ∂2A2 = 0, λ∂2A3 + A1 = 0, λ∂2A4 = 0. (3.63)
We obtain the solution of the system (3.63) for λ 6= 0 in the form
A1 = C1(x
4) sin
x2
λ
+ C2(x
4) cos
x2
λ
, A2 = A2(x
4),
A3 = C1(x
4) cos
x2
λ
− C2(x
4) sin
x2
λ
, A4 = A4(x
4),
(3.64)
where C1(x
4), C2(x
4), A2(x
4), and A4(x
4) are arbitrary functions.
For λ = 0 the group G3,2 is a motion group of the two-dimensional
Euclidian plane; in this case we have the solution of the system (3.63)
in the form
A1 = A3 = 0, A2 = A2(x
2, x4), A4 = A4(x
2, x4). (3.65)
Statement 30. For λ 6= 0 the class P3,2 of potentials that admit the
group G3,2 consists of the fields (3.64); for λ = 0 this class defined by
(3.65).
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3.3.3. Class P3,3. The algebra L3,3 = L{e13 + µe4, e1, e3} (µ 6= 0)
corresponds to the group G3,3 generated by elliptic helices with a time-
like axis and by translations along the vectors of the two-dimensional
Euclidian plane. We obtain the class P3,3 as a solution of the system
of equations (3.1), (3.38), and (3.6) for λ = 0:
x3∂1Ai − x
1∂3Ai + µ∂4Ai + A1δ
3
i −A3δ
1
i = 0. (3.66)
We have the following result.
Statement 31. The class P3,3 of potentials that admit the group G3,3
consists of the fields
A1 = C1(x
2) sin
x4
µ
+ C2(x
2) cos
x4
µ
, A2 = A2(x
2),
A3 = C1(x
2) cos
x4
µ
− C2(x
2) sin
x4
µ
, A4 = A4(x
2),
(3.67)
where C1(x
2), C2(x
2), A2(x
2), and A4(x
2) are arbitrary functions.
3.3.4. Class P3,4. The algebra L3,4 = L{e13 + λ(e2 + e4), e1, e3} corre-
sponds to the group G3,4 generated by elliptic helices with an isotropic
axis and by translations along the vectors of the two-dimensional Eu-
clidian plane Ox1x3. We obtain the class P3,4 as a solution of the
system of equations (3.1), (3.38) and (3.6) for λ = µ 6= 0:
x3∂1Ai + λ∂2Ai − x
1∂3Ai + λ∂4Ai + A1δ
3
i −A3δ
1
i = 0. (3.68)
Substituting Ai(x
2, x4) for Ai in (3.68), we have
λ(∂2 + ∂4)A1 − A3 = 0, λ(∂2 + ∂4)A2 = 0,
λ(∂2 + ∂4)A3 + A1 = 0, λ(∂2 + ∂4)A4 = 0.
(3.69)
Using the substitution
u = x2 + x4, v = x2 − x4, (3.70)
we get the solution of the system (3.69):
A1 = C1(v) sin
u
2λ
+ C2(v) cos
u
2λ
, A2 = A2(v),
A3 = C1(v) cos
u
2λ
− C2(v) sin
u
2λ
, A4 = A4(v),
(3.71)
where C1(v), C2(v), A2(v), and A4(v) are arbitrary functions.
Statement 32. The class P3,4 of potentials that admit the group G3,4
is defined by (3.71) and (3.70).
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3.3.5. Class P3,5. The algebra L3,5 = L{e24, e1, e3} corresponds to the
group G3,5 generated by pseudo-rotations in the plane Ox
2x4 and by
translations along the vectors of the Euclidean plane Ox1x3. We obtain
the class P3,5 as a solution of the system of equations (3.1), (3.38), and
(3.10) for λ = 0:
x4∂2Ai + x
2∂4Ai + A2δ
4
i + A4δ
2
i = 0. (3.72)
Substituting Ai(x
2, x4) for Ai in (3.72), we get
XA1 = 0, XA2 + A4 = 0, XA3 = 0, XA4 + A2 = 0, (3.73)
where X = x4∂2 + x
2∂4. Using the substitution
x2 = ρ coshϕ, x4 = ρ sinhϕ, (3.74)
we obtain the solution of the system (3.73)in the form
A1 = A1(ρ), A2 = C1(ρ) coshϕ+ C2(ρ) sinhϕ,
A3 = A3(ρ), A4 = −C1(ρ) sinhϕ− C2(ρ) coshϕ,
(3.75)
where C1(ρ), C2(ρ), A1(ρ), and A3(ρ) are arbitrary functions.
Statement 33. The class P3,5 of potentials that admit the group G3,5
is defined by (3.75) and (3.74).
3.3.6. Class P3,6. The algebra L3,6 = L{e24+λe3, e2, e4} corresponds to
the group G3,6 generated by hyperbolic helices and translations along
the vectors of the pseudo-Euclidean plane. The algebra L3,6 is an exten-
sion of L2,1b by means of the vector ξ = e24+λe3, therefore P3,6 ⊂ P2,1b.
Substituting Ai(x
1, x3) for Ai in the equation (3.56) ((2.2) for the vec-
tor ξ = e24 + λe3), we get
λ∂3A1 = 0, λ∂3A2 + A4 = 0, λ∂3A3 = 0, λ∂3A4 + A2 = 0. (3.76)
For λ 6= 0 we have the following solution of the system (3.76):
A1 = A1(x
1), A2 = C1(x
1) cosh
x3
λ
+ C2(x
1) sinh
x3
λ
,
A3 = A3(x
1), A4 = −C1(x
1) sinh
x3
λ
− C2(x
1) cosh
x3
λ
,
(3.77)
where C1(x
1), C2(x
1), A1(x
1), and A3(x
1) are arbitrary functions.
For λ = 0G3,6 is a motion group of two-dimensional pseudo–Euclidean
plane; in this case we have the solution of the system (3.76) in the form
A1 = A1(x
1, x3), A2 = 0, A3 = A3(x
1, x3), A4 = 0. (3.78)
Statement 34. The class P3,6 of potentials that admit the group G3,6
is defined by (3.77) for λ 6= 0; for λ = 0 it is defined by (3.78).
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3.3.7. Class P3,7. The algebra L3,7 = L{e24 + λe3, e1, e2 − e4} corre-
sponds to the group G3,7 generated by hyperbolic helices and by trans-
lations along the vectors of an isotropic plane. The algebra L3,7 is an
extension of L2,6 by means of the vector e1, therefore P3,7 ⊂ P2,6. Since
Ai satisfies to the equation (3.1), then it is independent of x
1 = x˜1;
thus we have the following result.
Statement 35. The class P3,7 of potentials that admit the group G3,7
consists of the fields
A1 = A1(u), A2 = C1 coshϕ+ C2 sinhϕ,
A3 = A3(u), A4 = −C1 sinhϕ− C2 coshϕ,
(3.79)
where
C1 = a1(u) cosh ln r + a2(u) sinh ln r,
C2 = a1(u) sinh ln r + a2(u) cosh ln r,
(3.80)
u = x˜3 − λ ln r, and the transformation of coordinates is defined by
(3.32).
3.3.8. Class P3,8. The algebra L3,8 = L{e12 − e14 + λe2, e3, e2 − e4}
corresponds to the group G3,8 generated by parabolic helices and by
translations along the vectors of an isotropic plane. The algebra L3,8
is an extension of L2,7c and L2,8, therefore P3,8 = P2,7c ∩ P2,8. We have
the following result.
Statement 36. The class P3,8 of potentials that admit the group G3,8
consists of the fields
A1 = C2x˜
2 + C3, A2 =
1
2
C2(x˜
2)2 + C3x˜
2 + C1,
A3 = A3(x˜
1), A4 = A2 + C2,
(3.81)
where A3(x˜
1) and Ck = Ck(x˜
1) (k = 1, 2, 3) are arbitrary functions
and x˜1 = 2λx1 + (x2 + x4)
2
.
3.3.9. Here we describe classes of potentials corresponding to the al-
gebra L3,9 = L{e12−e14+λe2+µe3, e1, e2−e4} (λµ = 0) for various λ
and µ. The corresponding group G3,9 is generated by parabolic helices
and by translations along the vectors of an isotropic plane. The alge-
bra L3,9 is an extension of L2,7 by means of the vector e1, therefore the
corresponding classes P3,9a, P3,9b, and P3,9c are restrictions of classes
P2,7a, P2,7b, and P2,7c by the condition (3.1). We consider three cases:
a) λ = µ = 0; b) λ = 0, µ 6= 0; c) λ 6= 0, µ = 0.
3.3.9.1. Class P3,9b. For λ = 0, µ 6= 0 we use the substitution (3.19),
the equation (3.1) is transformed to
−
1
x˜1
∂Ai
∂x˜2
+
µ
x˜1
∂Ai
∂x˜3
− x˜1x˜2
∂Ai
∂x˜4
= 0. (3.82)
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Substituting (3.37) for Ai in (3.82), we get some equation; using a linear
independence of functions (x˜2)2, x˜2, and 1, we obtain the following
equations
µ
∂C2
∂x˜3
= 0, µ
∂C3
∂x˜3
− C2 = 0, µ
∂C1
∂x˜3
− C3 = 0, µ
∂A3
∂x˜3
= 0 (3.83)
for the functions Ck(x˜
1, x˜3) and A3(x˜
1, x˜3). We have the solution of
(3.83) in the form:
C1 =
(x˜3)2
2µ2
Φ(x˜1) +
x˜3
µ
Ψ(x˜1) + Ξ(x˜1), C2 = Φ(x˜
1),
C3 =
x˜3
µ
Φ(x˜1) + Ψ(x˜1), A3 = A3(x˜
1),
(3.84)
where A3(x˜
1), Φ(x˜1), Ψ(x˜1) and Ξ(x˜1) are arbitrary functions and
x˜1 = x2 + x4, x˜3 = x3 +
µx1
x2 + x4
.
Statement 37. The class P3,9b of potentials that admit the group G3,9b,
corresponding to the algebra L3,9 (λ = 0, µ 6= 0), consists of the fields
A1 = C2x˜
2 + C3, A2 =
1
2
C2(x˜
2)2 + C3x˜
2 + C1,
A3 = A3(x˜
1), A4 = A2 + C2,
(3.85)
where Ck are defined by (3.84).
3.3.9.2. Class P3,9a. Let now µ = λ = 0, then P3,9a ⊂ P2,7a; we
obtain the following solution of the system (3.83)
C1 = C1(x˜
1, x˜3), C2 = C3 = 0, A3 = A3(x˜
1, x˜3). (3.86)
Statement 38. The class P3,9a of potentials that admit the group G3,9a,
corresponding to the algebra L3,9 (λ = µ = 0), consists of the fields
A1 = 0, A2 = A4 = C1(x˜
1, x˜3), A3 = A3(x˜
1, x˜3), (3.87)
where C1(x˜
1, x˜3) and A3(x˜
1, x˜3) are arbitrary functions and
x˜1 = x2 + x4, x˜3 = x3.
3.3.9.3. Class P3,9c. For λ 6= 0, µ = 0 the algebra
L3,9c = L{e12 − e14 + λe2, e1, e2 − e4}
includes the algebra L2,7c, therefore P3,9c ⊂ P2,7c. Here we use the
substitution (3.20), the equation (3.1) takes the form
2λ
∂Ai
∂x˜1
+ λx˜2
∂Ai
∂x˜4
= 0. (3.88)
Since Ai is independent of x˜
4, we have the following result.
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Statement 39. The class P3,9c of potentials that admit the group G3,9c,
corresponding to the algebra L3,9c, consists of the fields
A1 = C2x˜
2 + C3, A2 =
1
2
C2(x˜
2)2 + C3x˜
2 + C1,
A3 = A3(x˜
3), A4 = A2 + C2,
(3.89)
where A3(x˜
3) and Ck = Ck(x˜
3) (k = 1, 2, 3) are arbitrary functions
and x˜2 = (x2 + x4)/λ, x˜3 = x3.
3.3.10. Here we describe classes of potentials corresponding to the
algebra L3,10 = L{e12 − e14 + λe2, e1 + µe3, e2 − e4} for various λ and
µ. The corresponding group G3,10 is generated by parabolic helices or
parabolic rotations and by translations along the vectors of an isotropic
plane. If µ = 0, then L3,10 = L3,9c. We consider two cases: a) λ 6= 0,
µ 6= 0; b) λ = 0, µ 6= 0.
3.3.10.1. Class P3,10a. Let λ 6= 0, µ 6= 0. The algebra L3,10a = L3,10
is an extension of L2,7c by means of the vector e1 + µe3, therefore
P3,10a ⊂ P2,7c. The equation (2.2) for ξ = e1 + µe3 takes the form
∂1Ai + µ∂3Ai = 0. (3.90)
Using the substitution (3.20) we transform (3.90) to the form
2λ
∂Ai
∂x˜1
+ µ
∂Ai
∂x˜3
+ λx˜2
∂Ai
∂x˜4
= 0. (3.91)
Substituting (3.37)–(3.20) for Ai in (3.91), we get the following result.
Statement 40. The class P3,10a of potentials that admit the group
G3,10a, corresponding to the algebra L3,10a, consists of the fields
A1 = C2x˜
2 + C3, A2 =
1
2
C2(x˜
2)2 + C3x˜
2 + C1,
A3 = A3(µx˜
1 − 2λx˜3), A4 = A2 + C2,
(3.92)
where A3(µx˜
1 − 2λx˜3) and Ck = Ck(µx˜
1 − 2λx˜3) (k = 1, 2, 3) are
arbitrary functions and
x˜1 = 2λx1 +
(
x2 + x4
)2
, x˜3 = x3.
3.3.10.2. Class P3,10b Let λ = 0, µ 6= 0. The algebra
L3,10b = L{e12 − e14, e1 + µe3, e2 − e4}
is an extension of L2,7a by means of the vector e1 + µe3, hence P3,10b ⊂
P2,7a. By means of substitution (3.16) equation (3.90) is transformed
to the form
−
1
x˜1
∂Ai
∂x˜2
+ µ
∂Ai
∂x˜3
= 0. (3.93)
Substituting (3.37) for Ai in (3.93), we get some equation; using a linear
independence of functions (x˜2)2, x˜2, and 1, we obtain the following
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equations
µ
∂C2
∂x˜3
= 0, µ
∂C3
∂x˜3
−
C2
x˜1
= 0, µ
∂C1
∂x˜3
−
C3
x˜1
= 0, µ
∂A3
∂x˜3
= 0 (3.94)
for the functions Ck(x˜
1, x˜3) and A3(x˜
1, x˜3). We have the solution of
(3.94) in the form:
C1 =
(x˜3)2
2µ2(x˜1)2
Φ(x˜1) +
x˜3
µx˜1
Ψ(x˜1) + Ξ(x˜1), C2 = Φ(x˜
1),
C3 =
x˜3
µx˜1
Φ(x˜1) + Ψ(x˜1), A3 = A3(x˜
1),
(3.95)
where A3(x˜
1), Φ(x˜1), Ψ(x˜1), and Ξ(x˜1) are arbitrary functions.
Statement 41. The class P3,10b of potentials that admit the group
G3,10b, corresponding to the algebra L3,10b, consists of the fields (3.85),
where Ck are defined by (3.95) and
x˜1 = x2 + x4, x˜2 = −
x1
x2 + x4
, x˜3 = x3.
3.3.11. Class P3,11. The algebra L3,11 = L{e13 + λe24, e1, e3} corre-
sponds to the group G3,11 generated by proportional bi-rotations and
by translations along the vectors of two-dimensional Euclidian plane.
The class P3,11, corresponding to the algebra L3,11, is a subclass of the
class P1,5. For description of it we substitute (3.25) for Ai in equations
cos(θ − ϕ)
∂Ai
∂r
−
sin(θ − ϕ)
r
∂Ai
∂θ
= 0 (3.96)
and
sin(θ − ϕ)
∂Ai
∂r
+
cos(θ − ϕ)
r
∂Ai
∂θ
= 0 (3.97)
(equations (3.1) and (3.38), transformed by substitution (3.23)); we
have the following solution
A1 = C1(ρ) cosϕ+ C2(ρ) sinϕ,
A2 = C3(ρ) cosh λϕ+ C4(ρ) sinhλϕ,
A3 = −C1(ρ) sinϕ+ C2(ρ) cosϕ,
A4 = −C3(ρ) sinhλϕ− C4(ρ) coshλϕ,
(3.98)
where Ck = Ck(ρ) are arbitrary functions.
Statement 42. The class P3,11 of potentials that admit the group G3,11
consists of the fields (3.98).
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3.3.12. Class P3,12. The algebra L3,12 = L{e13 + λe24, e2, e4} corre-
sponds to the group G3,12 generated by proportional bi-rotations and
by translations along the vectors of two-dimensional pseudo-Euclidian
plane. The algebra L3,12 is an extension of L1,5 by means of the vectors
e2 and e4, therefore P3,12 ⊂ P1,5. For description of it we substitute
(3.25) for Ai in equations
cosh(λϕ)
∂Ai
∂ρ
−
sinh(λϕ)
λρ
∂Ai
∂θ
−
sinh(λϕ)
λρ
∂Ai
∂ϕ
= 0 (3.99)
and
− sinh(λϕ)
∂Ai
∂ρ
+
cosh(λϕ)
λρ
∂Ai
∂θ
+
cosh(λϕ)
λρ
∂Ai
∂ϕ
= 0 (3.100)
(equations (3.26) and (3.2), transformed by substitution (3.23)). Mul-
tiplying (3.99) by cosh(λϕ), (3.100) by sinh(λϕ) and summing received
equations, we get
∂Ai/∂ρ = 0; (3.101)
therefore Ai and Ck are independent of ρ: Ck = Ck(r, θ). Further, we
have the following consequence of equations (3.99) and (3.101):
∂Ai
∂θ
+
∂Ai
∂ϕ
= 0. (3.102)
The system (3.99)–(3.100) is equivalent to the system (3.101)–(3.102).
Substituting (3.25) for Ai in (3.101)–(3.102), we get a result of calcu-
lations:
A1 = a1(r) sin(θ − ϕ) + a2(r) cos(θ − ϕ),
A2 = a3(r) sinh[λ(θ − ϕ)] + a4(r) cosh[λ(θ − ϕ)],
A3 = −a1(r) cos(θ − ϕ) + a2(r) sin(θ − ϕ),
A4 = a3(r) cosh[λ(θ − ϕ)] + a4(r) sinh[λ(θ − ϕ)],
(3.103)
where ak = ak(r) are arbitrary functions.
Statement 43. The class P3,12 of potentials that admit the group G3,12
consists of the fields (3.103) (the transformation of coordinates is de-
fined by (3.23)).
3.3.13. Class P3,13. The algebra L3,13 = L{e13, e24, e2 − e4} is an ex-
tension of the algebra L2,10 by means of the vector e2 − e4, therefore
P3,13 ⊂ P2,10. By substitution (3.46) the equation (3.34) ((2.2) for the
vector ξ = e2 − e4) takes the form
∂Ai
∂ϕ
+
∂Ai
∂θ
− ρ
∂Ai
∂ρ
= 0. (3.104)
Substituting (3.45) for Ai in the equation (3.104), we obtain the fol-
lowing result.
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Statement 44. The class P3,13 of potentials Ai that admit the group
G3,13 consists of the fields
A1 = −t1(r) sin(θ − ϕ) + t2(r) cos(θ − ϕ),
A2 = ρC(r)e
ϕ +
D(r)
ρ
e−ϕ,
A3 = t1(r) cos(θ − ϕ) + t2(r) sin(θ − ϕ),
A4 = −ρC(r)e
ϕ +
D(r)
ρ
e−ϕ,
(3.105)
where t1(r), t2(r), C(r), and D(r) are arbitrary functions. (the trans-
formation of coordinates is defined by (3.46)).
3.3.14. Class P3,14. The algebra
L3,14 = L{e12 − e14 + λe1 + µe3, e23 + e34 + νe1 + λe3, e2 − e4}
corresponds to the group G3,14 generated by two one-dimensional sub-
groups of parabolic helices and by translations along an isotropic straight
line. The equation (2.2) for basis vectors of the algebra L3,14 take the
following forms
XAi −A1(δ
2
i + δ
4
i ) + (A2 −A4)δ
1
i = 0,
X = (λ− x2 − x4)∂1 + µ∂3, (3.106)
Y Ai − (A2 −A4)δ
3
i + A3(δ
2
i + δ
4
i ) = 0,
Y = ν∂1 + (λ+ x
2 + x4)∂3, (3.107)
and (3.34). We have the solution of the equation (3.34) in the form
Ai = Ai(x
1, x2 + x4, x3). (3.108)
Substituting (3.108) for Ai in equations (3.106) and (3.107) and trans-
forming theirs by means the substitution
u = x2 + x4, ϕ =
µx1 + (u− λ)x3
u2 − λ2 + µν
, ψ =
νx3 − (u+ λ)x1
u2 − λ2 + µν
, (3.109)
we obtain two systems
∂A1
∂ψ
+ A2 − A4 = 0,
∂A2
∂ψ
− A1 = 0,
∂A3
∂ψ
= 0,
∂A4
∂ψ
−A1 = 0,
(3.110)
∂A1
∂ϕ
= 0,
∂A2
∂ϕ
+ A3 = 0,
∂A3
∂ϕ
− A2 + A4 = 0,
∂A4
∂ϕ
+ A3 = 0.
(3.111)
We have the total solution of the system (3.110) in the form
A1 = ψ C2(u, ϕ) + C3(u, ϕ),
A2 =
1
2
ψ2C2(u, ϕ) + ψC3(u, ϕ) + C1(u, ϕ),
A3 = A3(u, ϕ), A4 = A2 + C2(u, ϕ).
(3.112)
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Finally, substituting (3.112) for Ai in (3.111), we obtain
A1 = C3(u), A2 = A4 = ψ C3(u) + C1(u), A3 = 0, (3.113)
where C1(u) and C3(u) are arbitrary functions.
Statement 45. The class P3,14 of potentials that admit the group G3,14
consists of the fields defined by (3.113) and (3.109).
3.3.15. Class P3,15. The algebra L3,15 = L{e12 − e14, e24, e3} corre-
sponds to the group G3,15 generated by parabolic rotations, by pseudo-
rotations, and by translations along a space-like straight line. The
algebra L3,15 is an extension of the algebra L2,12a (L2,12 for λ = 0) by
means of the vector e3, therefore the class P3,15 is a subclass of P2,12a
(P2,12 for λ = 0). Substituting (3.61)–(3.59)–(3.16) for Ai in equation
(3.38), which means independence Ai of x˜
3, we obtain the following
result.
Statement 46. The class P3,15 of potentials that admit the group G3,15
consists of the fields defined by (3.61), where
Φk = Φk(v) = Φk
(
x˜4 −
1
2
(
x˜1
)2)
are arbitrary functions and the transformation of coordinates is defined
by (3.16).
3.3.16. Class P3,16. The algebra
L3,16 = L{e12 − e14, e24 + λe1 + µe3, e2 − e4}
corresponds to the group G3,16 generated by parabolic rotations, by
hyperbolic helices, and by translations along an isotropic straight line.
The algebra L3,16 is an extension of the algebra L2,7a = L{e12 − e14,
e2 − e4} by means of the vector e24+λe1+µe3, therefore P3,16 ⊂ P2,7a.
The equation (2.2) for the vector ξ = e24 + λe1 + µe3 takes the form
XAi + A2δ
4
i + A4δ
2
i = 0, (3.114)
Xf = λ∂1f + x
4∂2f + µ∂3f + x
2∂4f = −λ
(
1
x˜1
∂f
∂x˜2
+ x˜1x˜2
∂f
∂x˜4
)
+
+x˜1
∂f
∂x˜1
− x˜2
∂f
∂x˜2
+ µ
∂f
∂x˜3
+ (x˜1)2
∂f
∂x˜4
(3.115)
(here we use the substitution (3.16)). Substituting (3.37) for Ai in
(3.114), we get some equation; using a linear independence of functions
(x˜2)2, x˜2, and 1, we obtain the following equations
x˜1
∂C2
∂x˜1
+ µ
∂C2
∂x˜3
− C2 = 0, x˜
1∂C3
∂x˜1
+ µ
∂C3
∂x˜3
−
λ
x˜1
C2 = 0,
x˜1
∂C1
∂x˜1
+ µ
∂C1
∂x˜3
+ C1 + C2 −
λ
x˜1
C3 = 0, x˜
1∂A3
∂x˜1
+ µ
∂A3
∂x˜3
= 0
(3.116)
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for the functions Ck(x˜
1, x˜3) and A3(x˜
1, x˜3). Using the substitution
u = x˜3 − µ ln x˜1, v = ln x˜1, (3.117)
we transform (3.116); the solution of received system takes the form
C1 = Φ3(u) e
−v −
1
2
Φ1(u) e
v + v e−v
[
1
2
λ2vΦ1(u) + λΦ2(u)
]
,
C2 = Φ1(u) e
v, C3 = λ vΦ1(u) + Φ2(u), A3 = Φ4(u),
(3.118)
where Φk(u) are arbitrary functions. Thus we have the following result.
Statement 47. The class P3,16 of potentials that admit the group G3,16
consists of the fields
A1 = C2x˜
2 + C3, A2 =
1
2
C2(x˜
2)2 + C3x˜
2 + C1,
A3 = Φ4(u), A4 = A2 + C2,
(3.119)
where Cl = Cl(u, v) are defined by (3.118)–(3.117), Φk(u) are arbitrary
functions, and
x˜1 = x2 + x4, x˜2 = −
x1
x2 + x4
, x˜3 = x3.
3.3.17. Class P3,17. The algebra L3,17 = L{e12 − e14, e23 + e34, e24}
corresponds to the group G3,17 generated by two one-dimensional sub-
groups of parabolic helices and by hyperbolic rotations. The algebra
L3,17 is an extension of the algebra L2,11a by means of the vector e24,
hence P3,17 ⊂ P2,11a. The equation (2.2) for the vector ξ = e24 takes
the form
XA1 = 0, XA2 + A4 = 0, XA3 = 0, XA4 + A2 = 0, (3.120)
where X = x4∂2 + x
2∂4. By substitution (3.54) we replace X to the
form
X = x˜1
∂
∂x˜1
− x˜2
∂
∂x˜2
− x˜3
∂
∂x˜3
. (3.121)
Substituting (3.55) for Ai in (3.120)–(3.121), we get some equation;
using a linear independence of functions (x˜2)2, x˜2, (x˜3)2, x˜3 and 1,
we obtain some system of equations; solving this system, we get the
following result.
Statement 48. The class P3,17 of potentials that admit the group G3,17
consists of the fields defined by (3.55), where
Φ = x˜1C1(x˜
4), Ψ = C2(x˜
4), Ξ = C3(x˜
4),
Θ =
x˜1
2
C1(x˜
4) +
C4(x˜
4)
x˜1
,
(3.122)
Ck(x˜
4) are arbitrary functions, and the transformation of coordinates
is defined by (3.54).
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3.3.18. The algebra L3,18 = L{e12 − e14, e23 + e34, e13 + λ(e2 − e4)}
corresponds to the group G3,18 generated by two one-dimensional sub-
groups of parabolic rotations and by elliptic helices with an isotropic
axis (or rotations for λ = 0). The algebra L3,18 is an extension of the al-
gebra L2,11a by means of the vector e13+λ(e2−e4), hence P3,18 ⊂ P2,11a.
The equation (2.2) for the vector ξ = e13 + λ(e2 − e4) takes the form
XA1 − A3 = 0, XA2 = 0, XA3 + A1 = 0, XA4 = 0, (3.123)
where X = x3∂1 + λ∂2− x
1∂3 − λ∂4. By substitution (3.54) we replace
X to the form
X = −x˜3
∂
∂x˜2
+ x˜2
∂
∂x˜3
+ 2λx˜1
∂
∂x˜4
. (3.124)
Substituting (3.55) for Ai in (3.123)–(3.124), we get some equation;
using a linear independence of variables x˜2, x˜3, and their powers, we
obtain the system of equations:
λ
∂Φ
∂x˜4
= 0, 2λx˜1
∂Ψ
∂x˜4
− Ξ = 0, λ
∂Θ
∂x˜4
= 0, 2λx˜1
∂Ξ
∂x˜4
+Ψ = 0. (3.125)
3.3.18.1. Class P3,18a. For λ 6= 0 the solution of equations (3.125)
takes the form
Ψ = C1(x˜
1) cos
x˜4
2λx˜1
+ C2(x˜
1) sin
x˜4
2λx˜1
, Φ = C3(x˜
1),
Ξ = −C1(x˜
1) sin
x˜4
2λx˜1
+ C2(x˜
1) cos
x˜4
2λx˜1
, Θ = C4(x˜
1),
(3.126)
where Ck(x˜
1) are arbitrary functions.
Statement 49. The class P3,18a of potentials that admit the group
G3,18a corresponding to the algebra L3,18 (λ 6= 0) is defined by (3.55)
and (3.126) (the transformation of coordinates is defined by (3.54)).
3.3.18.2. Class P3,18b. For λ = 0 the solution of equations (3.125)
takes the form
Φ = Φ(x˜1, x˜4), Ψ = Ξ = 0, Θ = Θ(x˜1, x˜4), (3.127)
where Φ(x˜1, x˜4) and Θ(x˜1, x˜4) are arbitrary functions. Substituting
(3.127) for Φ, Ψ, Ξ, and Θ in (3.55), we get the following result.
Statement 50. The class P3,18b of potentials that admit the group
G3,18b corresponding to the algebra L3,18b = L{e12 − e14, e23 + e34, e13}
(L3,18 for λ = 0) is defined by the following formulae
A1 = −x˜
2 Φ(x˜1, x˜4), A2 = −
1
2
((x˜2)2 + (x˜3)2)Φ(x˜1, x˜4) + Θ(x˜1, x˜4),
A3 = x˜
3Φ(x˜1, x˜4), A4 = A2 − Φ(x˜
1, x˜4) (3.128)
(the transformation of coordinates is defined by (3.54)).
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3.3.19. Class P3,19. The algebra
L3,19 = L{e12 − e14, e23 + e34, e13 + λe24} (λ 6= 0)
corresponds to the group G3,19 generated by two one-dimensional sub-
groups of parabolic rotations and by one-dimensional subgroup of be-
rotations. The algebra L3,19 is an extension of the algebra L2,11a by
means of the vector e13+λe24, hence P3,19 ⊂ P2,11a. The equation (2.2)
for the vector ξ = e13 + λe24 takes the form
XA1 −A3 = 0, XA2 + λA4 = 0,
XA3 + A1 = 0, XA4 + λA2 = 0,
(3.129)
where X = x3∂1 + λx
4∂2 − x
1∂3 + λx
2∂4. By substitution (3.54) we
replace X to the form
X = λx˜1
∂
∂x˜1
− (x˜3 + λx˜2)
∂
∂x˜2
+ (x˜2 − λx˜3)
∂
∂x˜3
. (3.130)
Substituting (3.55) for Ai in (3.129)–(3.130), we get some equation;
using a linear independence of variables x˜2, x˜3, and their powers, we
obtain the system of equations:
λ
(
x˜1
∂Φ
∂x˜1
− Φ
)
= 0, λx˜1
∂Ψ
∂x˜1
− Ξ = 0,
λ
(
x˜1
∂Θ
∂x˜1
+Θ− Φ
)
= 0, λx˜1
∂Ξ
∂x˜1
+Ψ = 0.
(3.131)
The solution of equations (3.131) takes the form
Φ = x˜1C1(x˜
4), Θ =
x˜1C1(x˜
4)
2
+
C2(x˜
4)
x˜1
,
Ψ = C3(x˜
4) cos
ln x˜1
λ
+ C4(x˜
4) sin
ln x˜1
λ
,
Ξ = −C3(x˜
4) sin
ln x˜1
λ
+ C4(x˜
4) cos
ln x˜1
λ
,
(3.132)
where Ck(x˜
4) are arbitrary functions.
Statement 51. The class P3,19 of potentials that admit the group G3,19
is defined by formulae (3.55) and (3.132) (the transformation of coor-
dinates is defined by (3.54)).
3.3.20. Class P3,20. The algebra L3,20 = L{e12, e13, e23} corresponds
to the group G3,20 = SO(3) of rotations over origin O in the three-di-
mensional subspace R30 = {x ∈ R
4
1 : x
4 = 0} of Minkowski space. Since
for λ = µ = 0 L1,2 ⊂ L3,20 and the algebra L3,20 is an extension of the
algebra L{e13} by means of the vectors e12 and e23, hence P3,20 ⊂ P1,2
(for λ = µ = 0). The equation (2.2) for the vectors e12 and e23 takes
the forms
XA1 + A2 = 0, XA2 − A1 = 0, XA3 = 0, XA4 = 0 (3.133)
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(X = −x2∂1 + x
1∂2) and
Y A1 = 0, Y A2 + A3 = 0, Y A3 −A2 = 0, Y A4 = 0 (3.134)
(Y = −x3∂2 + x
2∂3). By substitution (3.7) for λ = µ = 0
x1 = r sinϕ, x2 = x˜2, x3 = r cosϕ, x4 = x˜4 (3.135)
we replace X and Y to the forms:
X = −x˜2 sinϕ
∂
∂r
+ r sinϕ
∂
∂x˜2
−
x˜2 cosϕ
r
∂
∂ϕ
, (3.136)
Y = x˜2 cosϕ
∂
∂r
− r cosϕ
∂
∂x˜2
−
x˜2 sinϕ
r
∂
∂ϕ
. (3.137)
Substituting (3.9) for Ai in equations (3.133)–(3.136) and (3.134)–
(3.137), we get some equations; dividing variables in them, we obtain
the system of equations:
− x˜2
∂C2
∂r
+ r
∂C2
∂x˜2
+ A2 = 0, −x˜
2∂C1
∂r
+ r
∂C1
∂x˜2
+
C1x˜
2
r
= 0,
−
C2x˜
2
r
+ A2 = 0, −x˜
2∂A2
∂r
+ r
∂A2
∂x˜2
− C2 = 0, C1 = 0,
− x˜2
∂C1
∂r
+ r
∂C2
∂x˜2
+
C2x˜
2
r
= 0, −x˜2
∂A4
∂r
+ r
∂A4
∂x˜2
= 0.
(3.138)
The solution of the system (3.138) takes the form
C1 = C2 = A2 = 0, A4 = A4(ρ, x
4), (3.139)
where ρ =
√
r2 + (x˜2)2 =
√
(x1)2 + (x2)2 + (x3)2. Substituting (3.139)
for Ck and Ai in (3.9), we get the following result.
Statement 52. The class P3,20 of potentials that admit the group G3,20
takes the form
Ai = (0, 0, 0, A4(ρ, x
4)), (3.140)
where A4(ρ, x
4) is an arbitrary function.
3.3.21. Class P3,21. The algebra L3,21 = L{e12, e14, e24} corresponds to
the group G3,21 generated by rotations and by pseudo-rotations. The
algebra L3,21 is an extension of the algebra L1,3 (λ = 0) by means of
the vectors e12 and e14, hence P3,21 ⊂ P1,3 (for λ = 0). The equation
(2.2) for the vector e12 takes the form (3.133), and for the vector e14
— as follows
x4∂1Ai + x
1∂4Ai + A1δ
4
i + A4δ
1
i = 0. (3.141)
By substitution (3.11) for λ = 0
x1 = x˜1, x2 = r coshϕ, x3 = x˜3, x4 = r sinhϕ (3.142)
we replace the operator X = −x2∂1 + x
1∂2 to the form:
X = −r coshϕ
∂
∂x˜1
+ x˜1 coshϕ
∂
∂r
−
x˜1 sinhϕ
r
∂
∂ϕ
. (3.143)
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Substituting (3.13) for Ai in equations (3.133)–(3.143), we get some
equations; dividing variables in them, we obtain the system of equa-
tions:
C2 = 0, r
∂A1
∂x˜1
− x˜1
∂A1
∂r
− C1 = 0,
r
∂C1
∂x˜1
− x˜1
∂C1
∂r
+ A1 = 0, A1 +
x˜1C1
r
= 0,
r
∂A3
∂x˜1
− x˜1
∂A3
∂r
= 0, r
∂C1
∂x˜1
− x˜1
∂C1
∂r
+
x˜1C1
r
= 0.
(3.144)
The solution of the system (3.144) takes the form
A1 = A2 = A4 = 0, A3 = A3(u, x
3), (3.145)
where u =
√
r2 + (x˜1)2 =
√
(x1)2 + (x2)2 − (x4)2. Substituting (3.145)
for Ai in (3.141), we get an identity. Thus we obtain the following re-
sult.
Statement 53. The class P3,21 of potentials that admit the group G3,21
takes the form (3.145), where A3(u, x
3) is an arbitrary function.
3.4. Potentials that admit four-dimensional symmetry groups.
3.4.1. Class P4,1. The algebra L4,1 = L{e1, e2, e3, e4} corresponds to
the group of translations of Minkowski space R41. The algebra L4,1
is an extension of the algebra L3,1a by means of the vector e4, hence
P4,1 ⊂ P3,1a. Substituting Ai(x
4) for Ai in (3.141), we get
Statement 54. The class P4,1 of potentials that admit the group G4,1
consists of the fields Ai, which are constant in Galilean coordinates:
Ai = const.
3.4.2. Class P4,2. The algebra L4,2 = L{e13 + µe4, e1, e2, e3} (µ 6= 0)
is an extension of the algebra L3,3 by means of the vector e2, therefore
P4,2 ⊂ P3,3. Substituting (3.67) for Ai in (3.26), we get
A1 = C1 sin
x4
µ
+ C2 cos
x4
µ
, A2 = C3,
A3 = C1 cos
x4
µ
− C2 sin
x4
µ
, A4 = C4 (Ck = const).
(3.146)
Statement 55. The class P4,2 of potentials that admit the group G4,2
consists of the fields (3.146).
3.4.3. Class P4,3. The algebra L4,3 = L{e13 + λe2, e1, e3, e4} (λ 6= 0)
is an extension of the algebra L3,2 by means of the vector e4, therefore
P4,3 ⊂ P3,2. Substituting (3.64) for Ai in (3.2), we get
A1 = C1 sin
x2
λ
+ C2 cos
x2
λ
, A2 = C3,
A3 = C1 cos
x2
λ
− C2 sin
x2
λ
, A4 = C4,
(3.147)
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where Ck = const. For λ = 0 potentials of the class P3,2 are defined by
(3.65). Substituting (3.65) for Ai in (3.2), we get
A1 = A3 = 0, A2 = A2(x
2), A4 = A4(x
2). (3.148)
Statement 56. For λ 6= 0 the class P4,3 of potentials that admit the
group G4,3 consists of the fields (3.147); for λ = 0 it consists of the
fields (3.148).
3.4.4. Class P4,4. The algebra L4,4 = L{e13 + λe2, e1, e3, e2 + e4} is
an extension of the algebra L3,1c by means of the vector e13 + λe2,
therefore P4,4 ⊂ P3,1c. Substituting Ai(x
2 − x4) for Ai in (3.62) ((2.2)
for the vector ξ = e13 + λe2), we obtain the system (3.63); for λ 6= 0
the solution of (3.63) takes the form
A1 = C1 sin
x2 − x4
λ
+ C2 cos
x2 − x4
λ
, A2 = C3,
A3 = C1 cos
x2 − x4
λ
− C2 sin
x2 − x4
λ
, A4 = C4,
(3.149)
where Ck = const. For λ = 0 and Ai = Ai(x
2 − x4) the solution of
(3.63) takes the form
A1 = A3 = 0, A2 = A2(x
2 − x4), A4 = A4(x
2 − x4), (3.150)
where A2(x
2 − x4) and A4(x
2 − x4) are arbitrary functions.
Statement 57. For λ 6= 0 the class P4,4 of potentials that admit the
group G4,4 consists of the fields (3.149); for λ = 0 it consists of the
fields (3.150).
3.4.5. Class P4,5. The algebra L4,5 = L{e24, e1, e3, e2+e4} is an exten-
sion of the algebra L3,1c by means of the vector e24, hence P4,5 ⊂ P3,1c.
Substituting Ai(x
2−x4) for Ai in (3.120) ((2.2) for the vector ξ = e24),
we obtain
(x4 − x2)A′1 = 0, (x
4 − x2)A′2 + A4 = 0,
(x4 − x2)A′3 = 0, (x
4 − x2)A′4 + A2 = 0.
(3.151)
The solution of (3.151) takes the form
A1 = C1, A2 = C2 · (x
2 − x4) +
C4
x2 − x4
,
A3 = C3, A4 = C2 · (x
2 − x4)−
C4
x2 − x4
, (Ck = const).
(3.152)
Statement 58. The class P4,5 of potentials that admit the group G4,5
consists of the fields (3.152).
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3.4.6. Class P4,6. The algebra L4,6 = L{e24 + λe3, e1, e2, e4} is an ex-
tension of the algebra L3,6 by means of the vector e1, hence P4,6 ⊂ P3,6.
Substituting (3.77) for Ai in (3.1) ((2.2) for the vector ξ = e1), we
obtain for λ 6= 0 the following result:
A1 = C1, A2 = C2 cosh
x3
λ
+ C4 sinh
x3
λ
,
A3 = C3, A4 = −C2 sinh
x3
λ
− C4 cosh
x3
λ
,
(3.153)
where Ck = const. Let be λ = 0. Substituting (3.78) for Ai in (3.1),
we get
A1 = A1(x
3), A2 = 0, A3 = A3(x
3), A4 = 0. (3.154)
Statement 59. For λ 6= 0 the class P4,6 of potentials that admit the
group G4,6 consists of the fields (3.153); for λ = 0 it consists of the
fields (3.154).
3.4.7. Class P4,7. The algebra L4,7 = L{e13 + λe24, e1, e3, e2 + e4}
(λ 6= 0) is an extension of the algebra L3,1c by means of the vector
e13+λe24, hence P4,7 ⊂ P3,1c. Substituting Ai(x
2−x4) for Ai in (3.21)–
(3.22) ((2.2) for the vector ξ = e13 + λe24), we obtain
λ(x4 − x2)A′1 −A3 = 0, λ(x
4 − x2)A′2 + λA4 = 0,
λ(x4 − x2)A′3 + A1 = 0, λ(x
4 − x2)A′4 + λA2 = 0.
(3.155)
The solution of (3.155) takes the form
A1 = C1 cos
ln(x2 − x4)
λ
+ C3 sin
ln(x2 − x4)
λ
,
A2 = C2(x
2 − x4) +
C4
x2 − x4
,
A3 = C1 sin
ln(x2 − x4)
λ
− C3 cos
ln(x2 − x4)
λ
,
A4 = C2(x
2 − x4)−
C4
x2 − x4
(Ck = const).
(3.156)
Statement 60. The class P4,7 of potentials that admit the group G4,7
consists of the fields (3.156).
3.4.8. Class P4,8. The algebra L4,8 = L{e12 − e14 + λe3, e1, e2, e4} is
an extension of the algebra L3,1b by means of the vector e12− e14+λe3,
hence P4,8 ⊂ P3,1b. Substituting Ai(x
3) for Ai in the equation (2.2) for
the vector ξ = e12 − e14 + λe3
XAi − A1(δ
2
i + δ
4
i ) + (A2 − A4)δ
1
i = 0, (3.157)
X = −(x2 + x4)∂1 + x
1∂2 + λ∂3 − x
1∂4, (3.158)
we obtain
λA′1 + A2 − A4 = 0, λA
′
2 − A1 = 0, λA
′
3 = 0, λA
′
4 −A1 = 0. (3.159)
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For λ 6= 0 the solution of (3.159) takes the form
A1 =
C2
λ
x3 + C3, A2 =
C2
2λ2
(x3)2 +
C3
λ
x3 + C4,
A3 = C1, A4 = A2 + C2 (Ck = const);
(3.160)
for λ = 0 the same is
A1 = 0, A2 = A4 = Φ(x
3), A3 = Ψ(x
3), (3.161)
where Φ(x3) and Ψ(x3) are arbitrary functions.
Statement 61. For λ 6= 0 the class P4,8 of potentials that admit the
group G4,8 consists of the fields (3.160); for λ = 0 it consists of the
fields (3.161).
3.4.9. Class P4,9. The algebra L4,9 = = L{e12−e14+λe2, e1, e3, e2−e4}
corresponds to the group G4,9 generated by parabolic helices and by
translations along the vectors of an isotropic hyperplane. The solution
of the system Le1Ai = Le3Ai = Le2−e4Ai = 0 takes the form
Ai = Ai(x
2 + x4). (3.162)
Substituting (3.162) for Ai in (2.2) for the vector e12 − e14 + λe2
XAi −A1(δ
2
i + δ
4
i ) + (A2 − A4)δ
1
i = 0, (3.163)
X = −(x2 + x4)∂1 + (x
1 + λ)∂2 − x
1∂4, (3.164)
we get the system (3.159). For λ 6= 0 and Ai = Ai(x
2+x4) the solution
of (3.159) takes the form
A1 =
C2
λ
(x2 + x4) + C3, A2 =
C2
2λ2
(x2 + x4)2 +
C3
λ
(x2 + x4) + C4,
A3 = C1, A4 = A2 + C2 (Ck = const); (3.165)
for λ = 0 the same is
A1 = 0, A2 = A4 = Φ(x
2 + x4), A3 = Ψ(x
2 + x4), (3.166)
where Φ(x2 + x4) and Ψ(x2 + x4) are arbitrary functions.
Statement 62. For λ 6= 0 the class P4,9 of potentials that admit the
group G4,9 consists of the fields (3.165); for λ = 0 it consists of the
fields (3.166).
3.4.10. Class P4,10. The algebra L4,10 = L{e13, e24, e1, e3, } is an ex-
tension of the algebra L3,5 by means of the vector e13, hence P4,10 ⊂ P3,5.
Substituting (3.75) for Ai in (2.2) for the vector ξ = e13
x3∂1Ai − x
1∂3Ai + A1δ
3
i − A3δ
1
i = 0, (3.167)
we get some system; using the substitution (3.74), we obtain the fol-
lowing result
A1 = 0, A2 = C1(ρ) coshϕ+ C2(ρ) sinhϕ,
A3 = 0, A4 = −C1(ρ) sinhϕ− C2(ρ) coshϕ,
(3.168)
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where C1(ρ) and C2(ρ) are arbitrary functions.
Statement 63. The class P4,10 of potentials that admit the group G4,10
is defined by (3.168) and (3.74).
3.4.11. Class P4,11. The algebra L4,11 = L{e13, e24, e2, e4, } is an ex-
tension of the algebra L3,6 (for λ = 0) by means of the vector e13, hence
P4,11 ⊂ P3,6 (λ = 0). Substituting (3.78) for Ai in (3.167), we get some
system; using the substitution
x1 = r sinϕ, x3 = r cosϕ, (3.169)
we obtain the following result
A1 = C1(r) sinϕ+ C2(r) cosϕ, A2 = 0,
A3 = C1(r) cosϕ− C2(r) sinϕ, A4 = 0,
(3.170)
where C1(r) and C2(r) are arbitrary functions.
Statement 64. The class P4,11 of potentials that admit the group G4,11
is defined by (3.170) and (3.169).
3.4.12. Class P4,12. The algebra
L4,12 = L{e12 − e14 + µe3, e23 + e34 + νe2, e1, e2 − e4}
corresponds to the group G4,12 generated by two one-dimensional sub-
groups of parabolic helices and by translations along the vectors of an
isotropic two-dimensional plane. The total solution of the system of
equations (2.2) for e1 and e2 − e4 takes the form
Ai = Ai(x
2 + x4, x3). (3.171)
The equation (2.2) for the vector ξ = e12 − e14 + µe3 takes the form
XAi −A1(δ
2
i + δ
4
i ) + (A2 −A4)δ
1
i = 0, (3.172)
X = −(x2 + x4)∂1 + x
1(∂2 − ∂4) + µ∂3; (3.173)
for the vector ξ = e23 + e34 + νe2 the same is
Y Ai + A3(δ
2
i + δ
4
i )− (A2 − A4)δ
3
i = 0, (3.174)
Y = ν∂2 + (x
2 + x4)∂3 − x
3(∂2 − ∂4). (3.175)
Substituting (3.171) for Ai in (3.172)–(3.173) and (3.174)–(3.175), we
get
µ
∂A1
∂x3
+ A2 −A4 = 0, µ
∂A2
∂x3
−A1 = 0,
µ
∂A3
∂x3
= 0, µ
∂A4
∂x3
−A1 = 0
(3.176)
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and
ν
∂A1
∂x2
+ (x2 + x4)
∂A1
∂x3
= 0, ν
∂A2
∂x2
+ (x2 + x4)
∂A2
∂x3
+ A3 = 0,
ν
∂A3
∂x2
+ (x2 + x4)
∂A3
∂x3
− A2 + A4 = 0,
ν
∂A4
∂x2
+ (x2 + x4)
∂A4
∂x3
+ A3 = 0. (3.177)
Solving the system of equations (3.176)–(3.177), we obtain the result.
Statement 65. The class P4,12 of potentials that admit the group G4,12
is defined by the following formulae:
a) for µ = ν = 0
A1 = 0, A3 = Ψ(x
2 + x4),
A2 = A4 = Φ(x
2 + x4)−
x3Ψ(x2 + x4)
x2 + x4
;
(3.178)
b) for µ = 0, ν 6= 0
A1 = 0, A2 = A4 = Φ(u)−
x2 + x4
ν
Ψ(u),
A3 = Ψ(u)
(
u = x3 −
(x2 + x4)2
2ν
)
;
(3.179)
c) for µ 6= 0, ν = 0
A1 = Φ(x
2 + x4), A3 = −
x2 + x4
µ
Φ(x2 + x4),
A2 = A4 =
x3
µ
Φ(x2 + x4) + Ψ(x2 + x4);
(3.180)
d) for µ 6= 0, ν 6= 0
A1 = A3 = 0, A2 = A4 = const (3.181)
(Φ and Ψ are arbitrary functions of one variable).
3.4.13. Class P4,13. The algebra
L4,13 = L{e12 − e14, e24 + λe1, e3, e2 − e4}
corresponds to the group G4,13 generated by parabolic rotations, by
hyperbolic helices, and by translations along the vectors of an isotropic
two-dimensional plane. The solution of the system of equations (2.2)
for e3 and e2 − e4 takes the form
Ai = Ai(x
1, x2 + x4). (3.182)
Substituting (3.182) for Ai in equation (2.2) for the vector e12 − e14
XAi −A1(δ
2
i + δ
4
i ) + (A2 −A4)δ
1
i = 0, (3.183)
X = −(x2 + x4)∂1 + x
1(∂2 − ∂4), (3.184)
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we have the result:
A1 = −
x1C1
x2 + x4
+ C2, A2 =
(x1)2C1
2(x2 + x4)
−
x1C2
x2 + x4
+ C3,
A3 = C4, A4 = A2 + C1 (Ck = Ck(x
2 + x4)).
(3.185)
Substituting (3.185) for Ai in (3.10) (the equation (2.2) for the vector
e24 + λe1), we obtain
C1 = K1(x
2 + x4), C2 = K1λ ln(x
2 + x4) +K2,
C3 =
K1λ
2 ln2(x2 + x4) + 2K2λ ln(x
2 + x4)
2(x2 + x4)
−
−
K1
2
(x2 + x4) +
K3
x2 + x4
, C4 = K4 (Ki = const).
(3.186)
Statement 66. The class P4,13 of potentials that admit the group G4,13
is defined by (3.185) and (3.186).
3.4.14. The algebra
L4,14 = L{e12 − e14, e24 + λe3, e1 + νe3, e2 − e4}
corresponds to the group G4,14 generated by parabolic rotations, by
hyperbolic helices, and by translations along the vectors of an isotropic
two-dimensional plane (the group G4,14 is not conjugated to G4,13). The
solution of the system of equations (2.2) for e1 + νe3 and e2 − e4 takes
the form
Ai = Ai(x
2 + x4, x3 − νx1). (3.187)
3.4.14.1. Class P4,14a. Let be ν 6= 0. Substituting (3.187) for Ai in
(3.183)–(3.184) (the equation (2.2) for the vector e12− e14), we obtain
A1 =
(x3 − νx1)C1
ν(x2 + x4)
+ C2,
A2 =
(x3 − νx1)2C1
2ν2(x2 + x4)2
+
(x3 − νx1)C2
ν(x2 + x4)
+ C3,
A3 = C4, A4 = A2 + C1 (Ck = Ck(x
2 + x4)).
(3.188)
Substituting (3.188) for Ai in equation
x4∂2Ai + ν∂3Ai + x
2∂4Ai + A2δ
4
i + A4δ
2
i = 0 (3.189)
((2.2) for the vector ξ = e24 + νe3), we get
C1 = K1(x
2 + x4), C2 = −
K1λ
ν
ln(x2 + x4) +K2,
C3 =
K1λ
2 ln2(x2 + x4)− 2K2λν ln(x
2 + x4)
2ν2(x2 + x4)
−
−
K1
2
(x2 + x4) +
K3
x2 + x4
, C4 = K4 (Ki = const).
(3.190)
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Statement 67. The class P4,14a of potentials that admit the group
G4,14a is defined by (3.188) and (3.190).
3.4.14.2. Class P4,14b. For ν = 0 we have the following result.
Statement 68. The class P4,14b of potentials that admit the group
G4,14b (G4,14 for ν = 0), is defined by the formulae
A1 = 0, A3 = Ψ(x
3 − λ ln(x2 + x4)),
A2 = A4 =
Φ(x3 − λ ln(x2 + x4))
x2 + x4
,
(3.191)
where Φ and Ψ are arbitrary functions of one variable.
3.4.15. Class P4,15. The algebra L4,15 = L{e12−e14, e23+e34, e24 + λe1,
e2 − e4} is an extension of the algebra L2,11a by means of the vectors
e24 + λe1 and e2 − e4, hence P4,15 ⊂ P2,11a. Substituting (3.55)–(3.54)
for Ai in equation
Le2−e4Ai = ∂2Ai − ∂4Ai = 2x˜
1∂Ai
∂x˜4
= 0, (3.192)
we get
A1 =
x1C1
x2 + x4
+ C2, A2 = −
((x1)2 + (x3)2)C1
2(x2 + x4)2
−
x1C2 + x
3C3
x2 + x4
+ C4,
A3 =
x3C1
x2 + x4
+ C3, A4 = A2 − C1 (Ck = Ck(x
2 + x4)). (3.193)
Substituting (3.193) for Ai in (3.10) (equation (2.2) for e24 + λe1), we
obtain
C1 = K1(x
2 + x4), C2 = −K1λ ln(x
2 + x4) +K2,
C3 = K3, C4 =
−K1λ
2 ln2(x2 + x4) + 2K2λ ln(x
2 + x4)
2(x2 + x4)
+
+
K1
2
(x2 + x4) +
K4
x2 + x4
, (Ki = const).
(3.194)
Statement 69. The class P4,15 of potentials that admit the group G4,15
is defined by (3.193) and (3.194).
3.4.16. Class P4,16. The algebra
L4,16 = L{e12 − e14 + λe3, e23 + e34 + λe1, e13, e2 − e4}
is an extension of the algebra L3,14
1 by means of the vector e13; therefore
P4,16 ⊂ P3,14 for corresponding values of parametres. The substitution
(3.109) is replaced by
u = x2 + x4, ϕ =
λx1 + ux3
u2 + λ2
, ψ =
λx3 − x1u
u2 + λ2
. (3.195)
Substituting (3.113)—(3.195) for Ai in (3.167) (equation (2.2) for the
vector e13), we obtain the following result.
1If we replace µ 7→ λ, ν 7→ λ, λ 7→ 0.
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Statement 70. The class P4,16 of potentials that admit the group G4,16
is defined by the formulae
A1 = A3 = 0, A2 = A4 = Φ(x
2 + x4), (3.196)
where Φ(u) is an arbitrary function.
3.4.17. Class P4,17. The algebra
L4,17 = L{e12 − e14, e23 + e34, e13 + λe24, e2 − e4}
is an extension of the algebra L3,19 by means of the vector e2 − e4;
therefore P4,17 ⊂ P3,19. Substituting (3.55)–(3.132) for Ai in (3.192),
we get result
A1 = K1x
1 +Ψ, A2 = −
K1((x
1)2 + (x3)2)
2(x2 + x4)
−
−
x1Ψ+ x3Ξ
x2 + x4
+
K1
2
(x2 + x4) +
K2
x2 + x4
,
A3 = K1x
3 + Ξ, A4 = A2 −K1(x
2 + x4),
(3.197)
where
Ψ = K3 cos
ln(x2 + x4)
λ
+K4 sin
ln(x2 + x4)
λ
,
Ξ = −K3 sin
ln(x2 + x4)
λ
+K4 cos
ln(x2 + x4)
λ
(Ki = const).
(3.198)
Statement 71. The class P4,17 of potentials that admit the group G4,17
is defined by the formulae (3.197) and (3.198).
3.4.18. Class P4,18. The algebra L4,18 = L{e12, e13, e23, e4} is an exten-
sion of the algebra L3,20 by means of the vector e4, hence P4,18 ⊂ P3,20.
Substituting (3.140) for Ai in (3.2), we get the following result.
Statement 72. The class P4,18 of potentials that admit the group G4,18
takes the form
Ai = (0, 0, 0, A4(ρ)), (3.199)
where ρ =
√
(x1)2 + (x2)2 + (x3)2, and A4(ρ) is an arbitrary function.
3.4.19. Class P4,19. The algebra L4,19 = L{e12, e14, e24, e3} is an ex-
tension of the algebra L3,21 by means of the vector e3, hence P4,19 ⊂ P3,21.
Substituting (3.145) for Ai in (3.38), we get the following result.
Statement 73. The class P4,19 of potentials that admit the group G4,19
takes the form
Ai = (0, 0, C(u), 0), (3.200)
where u =
√
(x1)2 + (x2)2 − (x4)2, and C(u) is an arbitrary function.
GROUP CLASSIFICATION OF POTENTIAL STRUCTURES 37
3.4.20. Class P4,20. The algebra L4,20 = L{e12− e14, e23+ e34, e13, e24}
is an extension of the algebra L3,17 by means of the vector e13, hence
P4,20 ⊂ P3,17. Substituting (3.55)–(3.122) for Ai in (3.123)–(3.124) (for
λ = 0), we get a solution; returning to coordinates {xi}, we obtain the
result.
Statement 74. The class P4,20 of potentials that admit the group G4,20
takes the form
A1 = x
1C(x˜4), A3 = x
3C(x˜4),
A2 =
C(x˜4)
2
(
x2 + x4 −
(x1)2 + (x3)2
x2 + x4
)
+
D(x˜4)
x2 + x4
,
A4 = A2 − (x
2 + x4)C(x˜4),
(3.201)
where x˜4 = (x1)2+(x2)2+(x3)2−(x4)2, and C(x˜4), D(x˜4) are arbitrary
functions.
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3.5. Potentials that admit five-dimensional symmetry groups.
3.5.1. Class P5,1. The algebra L5,1 = L{e24, e1, e2, e3, e4} is an exten-
sion of the algebra L4,1 by means of the vector e24, hence P5,1 ⊂ P4,1.
Substituting Ai = const for Ai in (3.10) (for λ = 0), we obtain the
result.
Statement 75. The class P5,1 of potentials that admit the group G5,1
takes the form
Ai = (0, A, 0, B) (A, B = const). (3.202)
3.5.2. Class P5,2. The algebra L5,2 = L{e13 + λe24, e1, e2, e3, e4} is an
extension of the algebra L4,1 by means of the vector e13 + λe24, hence
P5,2 ⊂ P4,1. Substituting Ai = const for Ai in (3.21)–(3.22) (λ 6= 0),
we obtain Ai = 0, i. e. the class P5,2 is empty.
3.5.3. Class P5,3. The algebra L5,3 = L{e12 − e14, e1, e2, e3, e4} is
an extension of the algebra L4,1 by means of the vector e12 − e14,
hence P5,3 ⊂ P4,1. Substituting Ai = const for Ai in (3.14)–(3.15)
(λ = µ = 0), we obtain the result.
Statement 76. The class P5,3 of potentials that admit the group G5,3
takes the form
Ai = (0, A, B, A) (A, B = const). (3.203)
3.5.4. Class P5,4. The algebra L5,4 = L{e13, e24, e1, e3, e2 + e4} is
an extension of the algebra L4,5 by means of the vector e13, hence
P5,4 ⊂ P4,5. Substituting (3.152) for Ai in (3.6) (λ = µ = 0), we obtain
A1 = 0, A2 = K1(x
2 − x4) +
K2
x2 − x4
,
A3 = 0, A4 = K1(x
2 − x4)−
K2
x2 − x4
,
(3.204)
where K1 and K2 are arbitrary constants.
Statement 77. The class P5,4 of potentials that admit the group G5,4
is defined by (3.204).
3.5.5. Class P5,5. The algebra
L5,5 = L{e12 − e14, e23 + e34 + λe2, e1, e3, e2 − e4}
is an extension of the algebra L4,9 (λ = 0) by means of the vector
e23+e34+λe2, hence P5,4 ⊂ P4,9. Substituting (3.166) for Ai in (3.174)–
(3.175) (ν 7→ λ), we obtain the following result.
Statement 78. For λ = 0 the class P5,5 of potentials that admit the
group G5,5 takes the form
Ai = (0, Φ(x
2 + x4), 0, Φ(x2 + x4)) (3.205)
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where Φ is an arbitrary function; for λ 6= 0 the same is
A1 = 0, A2 = A4 = −
K1
λ
(x2 + x4) +K2, A3 = K1, (3.206)
where K1 and K2 are arbitrary constants.
3.5.6. Class P5,6. The algebra L5,6 = L{e12 − e14, e24 + λe3, e1, e2, e4}
is an extension of the algebra L4,6 by means of the vector e12 − e14,
hence P5,6 ⊂ P4,6. Substituting (3.153) or (3.154) for Ai in (3.14)–
(3.15) (λ = µ = 0), we get
A1 = 0, A2 = A4 = K1e
−x3/λ, A3 = K2 (K1, K2 = const) (3.207)
or
Ai = (0, 0, Φ(x
3), 0). (3.208)
Statement 79. For λ 6= 0 the class P5,6 of potentials that admit the
group G5,6 is defined by (3.207); for λ = 0 the same is (3.208).
3.5.7. Class P5,7. The algebra L5,7 = L{e12 − e14, e24, e1, e3, e2 − e4}
is an extension of the algebra L4,13 by means of the vector e1, hence
P5,7 ⊂ P4,13. Substituting (3.185)–(3.186) for Ai in (3.1), we obtain the
following result.
Statement 80. The class P5,7 of potentials that admit the group G5,7
takes the form
Ai =
(
0,
B
x2 + x4
, C,
B
x2 + x4
)
, (3.209)
where B and C are arbitrary constants.
3.5.8. Class P5,8. The algebra
L5,8 = L{e12 − e14, e23 + e34, e24 + λe3, e1, e2 − e4}
is an extension of the algebra L4,12a (L4,12 for µ = ν = 0) by means of
the vector e24 + λe3, hence P5,8 ⊂ P4,12a. Substituting (3.178) for Ai in
(3.56), we obtain the following result.
Statement 81. The class P5,8 of potentials that admit the group G5,8
takes the form
Ai = (0, Φ(x
2 + x4), 0, Φ(x2 + x4)), (3.210)
where Φ is an arbitrary function of one variable.
3.5.9. Class P5,9. The algebra
L5,9 = L{e12 − e14, e23 + e34, e13, e24, e2 − e4}
is an extension of the algebra L4,20 by means of the vector e2−e4, hence
P5,9 ⊂ P4,20. Substituting (3.201) for Ai in (3.34), we get
A1 = Cx
1, A2 =
C
2
(
x2 + x4 −
(x1)2 + (x3)2
x2 + x4
)
+
D
x2 + x4
,
A3 = Cx
3, A4 = A2 − C(x
2 + x4) (C, D = const).
(3.211)
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Statement 82. The class P5,9 of potentials that admit the group G5,9
is defined by (3.211).
3.6. Potentials that admit six-dimensional symmetry groups.
3.6.1. Class P6,1. The algebra L6,1 = L{e12, e13, e23, e14, e24, e34} cor-
responds to the Lorentz group. It is an extension of the algebra L3,20 by
means of the vectors e14, e24, and e34, hence P6,1 ⊂ P3,20. Substituting
(3.140) for Ai in (3.10) (λ = 0), we obtain Ai = 0, i. e. the class of
potentials that admit the Lorentz group G6,1 is empty.
3.6.2. Class P6,2. The algebra L6,2 = L{e13, e24, e1, e2, e3, e4} is an ex-
tension of the algebra L5,1 by means of the vector e13, hence P6,2 ⊂ P5,1.
Substituting (3.202) for Ai in (3.6) (λ = µ = 0), we obtain Ai = 0, i. e.
the class of potentials that admit the group G6,2 is empty.
3.6.3. Class P6,3. The algebra L6,3 = L{e12−e14, e23+e34, e1, e2, e3, e4}
is an extension of the algebra L5,3 by means of the vector e23 + e34,
hence P6,3 ⊂ P5,3. Substituting (3.203) for Ai in (3.53), we obtain the
following result.
Statement 83. The class P6,3 of potentials that admit the group G6,3
takes the form
Ai = (0, A, 0, A), A = const. (3.212)
3.6.4. Class P6,4. The algebra L6,4 = L{e12 − e14, e24, e1, e2, e3, e4} is
an extension of the algebra L5,1 by means of the vector e12− e14, hence
C6,4 ⊂ C5,1. Substituting (3.202) for Ai in (3.14)–(3.15) (λ = µ = 0),
we get the following result.
Statement 84. The class P6,4 of potentials that admit the group G6,4
is defined by (3.212).
Remark 2. Statements 83 and 84 involve the potential (3.212) admits
more wide symmetry group than G6,3 and G6,4.
3.6.5. Class P6,5. The algebra
L6,5 = L{e12 − e14, e23 + e34, e13 + λe2, e1, e3, e2 − e4}
is an extension of the algebra L5,5 (λ = 0) by means of the vector
e13 + λe2, hence P6,5 ⊂ P5,5(λ=0). Substituting (3.205) for Ai in (3.6)
(µ = 0), we get λΦ′ = 0. We have a result.
Statement 85. For λ = 0 the class P6,5 of potentials that admit the
group G6,5 is defined by (3.205); for λ 6= 0 the same is (3.212).
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3.6.6. Class P6,6. The algebra
L6,6 = L{e12 − e14, e23 + e34, e24, e1, e3, e2 − e4}
is an extension of the algebra L5,5 (λ = 0) by means of the vector e24,
hence P6,6 ⊂ P5,5(λ=0). Substituting (3.205) for Ai in (3.10) (λ = 0),
we get
Ai =
(
0,
B
x2 + x4
, 0,
B
x2 + x4
)
, B = const. (3.213)
Statement 86. The class P6,6 of potentials that admit the group G6,6
is defined by (3.213).
3.6.7. Class P6,7. The algebra
L6,7 = L{e12 − e14, e23 + e34, e13 + λe24, e1, e3, e2 − e4}
is an extension of the algebra L5,5 (λ = 0) by means of the vector
e13+λe24, hence P6,7 ⊂ P5,5(λ=0). Substituting (3.205) for Ai in (3.21)–
(3.22), we get the result.
Statement 87. The class P6,7 of potentials that admit the group G6,7
is defined by (3.213).
Remark 3. Statements 86 and 87 involve the potential (3.213) admits
more wide symmetry group than G6,6 and G6,7.
3.6.8. Class P6,8. The algebra L6,8 = L{e12, e13, e23, e1, e2, e3} is an
extension of L3,20 by means of e1, e2, and e3, hence P6,8 ⊂ P3,20. Sub-
stituting (3.140) for Ai in equations ∂1Ai = ∂2Ai = ∂3Ai = 0, we get
the result.
Statement 88. The class P6,8 of potentials that admit the group G6,8
takes the form Ai = (0, 0, 0, Φ(x
4)), where Φ(x4) is an arbitrary
function.
3.6.9. Class P6,9. The algebra L6,9 = L{e12, e14, e24, e1, e2, e4} is
an extension of L3,21 by means of e1, e2, and e4, hence P6,9 ⊂ P3,21.
Substituting (3.145) for Ai in equations ∂1Ai = ∂2Ai = ∂4Ai = 0, we
get the result.
Statement 89. The class P6,9 of potentials that admit the group G6,9
takes the form Ai = (0, 0, Φ(x
3), 0), where Φ(x3) is an arbitrary
function.
4. Appendix. Seven classes of Maxwell spaces that admit
subgroups of the Poincare´ group.
Using the group classification of potential structures, we define more
precisely classes of Maxwell spaces that admit subgroups of the Poincare´
group [2, 3]. Here we describe classes of Maxwell spaces that correspond
to algebras L3,19, L4,16, L4,17, L4,20, L5,9, L6,5, and L6,7 (according to
[2] these classes are empty).
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1◦. Class C3,19. For the algebra
L3,19 = L{e12 − e14, e23 + e34, e13 + λe24} (λ 6= 0)
we have the result.
Statement 90. A Maxwell space of the class C3,19 is defined by the
tensor Fij such that
F12 = −
x˜1Φ2
2
(
1 +
(
x˜2
)2
−
(
x˜3
)2)
− x˜1x˜2x˜3Φ1 +
Φ3
x˜1
− x˜2Φ5,
F13 = x˜
1(x˜2Φ1 − x˜
3Φ2), F14 = F12 + x˜
1Φ2,
F23 = −
x˜1Φ1
2
(
1−
(
x˜2
)2
+
(
x˜3
)2)
− x˜1x˜2x˜3Φ2 −
Φ4
x˜1
− x˜3Φ5,
F24 = x˜
1(x˜2Φ2 + x˜
3Φ1) + Φ5, F34 = −F23 − x˜
1Φ1,
(4.1)
where Φk = Φk(x˜
4) (k = 1, 2, 5) are arbitrary functions,
Φ3 = Φ3(x˜
4) =
∫ (
1
2λ
Φ1(x˜
4)−
x˜4
2
Φ′2(x˜
4)− Φ2(x˜
4)
)
dx˜4,
Φ4 = Φ4(x˜
4) =
∫ (
−
1
2λ
Φ2(x˜
4) +
x˜4
2
Φ′1(x˜
4) + Φ1(x˜
4)
)
dx˜4,
(4.2)
and the transformation of coordinates is defined by (3.54).
Example 1. If we replace C1, C2, C3 by zero and C4 by ϕ = ϕ(x˜
4) in
(3.55)–(3.132), we get the potential
A1 = ϕ(x˜
4) sin
ln x˜1
λ
, A3 = ϕ(x˜
4) cos
ln x˜1
λ
,
A2 = A4 = x˜
2ϕ(x˜4) sin
ln x˜1
λ
− x˜3ϕ(x˜4) cos
ln x˜1
λ
.
(4.3)
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Substituting (4.3)–(3.54) for Ai in (2.1), we get
F12 = −
(
2(x1)2ϕ′ + ϕ
x2 + x4
+ 2x2ϕ′
)
sin
ln(x2 + x4)
λ
−
−
2λx1x3ϕ′ + ϕ
λ(x2 + x4)
cos
ln(x2 + x4)
λ
,
F13 = 2ϕ
′ ·
(
x1 cos
ln(x2 + x4)
λ
− x3 sin
ln(x2 + x4)
λ
)
,
F14 = F12 + 2(x
2 + x4)ϕ′ · sin
ln(x2 + x4)
λ
,
F23 =
(
2(x3)2ϕ′ + ϕ
x2 + x4
+ 2x2ϕ′
)
cos
ln(x2 + x4)
λ
+
+
2λx1x3ϕ′ − ϕ
λ(x2 + x4)
sin
ln(x2 + x4)
λ
,
F24 = −2ϕ
′ ·
(
x1 sin
ln(x2 + x4)
λ
+ x3 cos
ln(x2 + x4)
λ
)
,
F34 = −F23 + 2(x
2 + x4)ϕ′ · cos
ln(x2 + x4)
λ
. (4.4)
Statement 91. If ϕ′ = ϕ′(x˜4) 6= 0, then the Maxwell space defined by
the tensor (4.4) admits the three-dimensional group GS = G3,19.
2◦. Class C4,16. For the algebra
L4,16 = L{e12 − e14 + λe3, e23 + e34 + λe1, e13, e2 − e4}
we have the result.
Statement 92. A Maxwell space of the class C4,16 is defined by the
tensor Fij such that
F12 = F14 = −ϕΦ1(u) + ψΦ2(u), F13 = Φ1(u),
F23 = −F34 = ϕΦ2(u) + ψΦ1(u), F24 = Φ2(u),
(4.5)
where Φ1(u) = K/(u
2+λ2), K = const, Φ2(u) is an arbitrary function,
and
u = x2 + x4, ϕ =
λx1 + ux3
u2 + λ2
, ψ =
λx3 − x1u
u2 + λ2
. (4.6)
Example 2. Substituting 0 for Φ2(u) in (4.5)–(4.6), we get
F12 = F14 = −
K(λx1 + (x2 + x4)x3)
((x2 + x4)2 + λ2)2
, F13 =
K
(x2 + x4)2 + λ2
,
F23 = −F34 =
K(λx3 − x1(x2 + x4))
((x2 + x4)2 + λ2)2
, F24 = 0.
(4.7)
Statement 93. If K 6= 0, then the Maxwell space defined by the tensor
(4.7) admits the four-dimensional group GS = G4,16.
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3◦. Class C4,17. For the algebra
L4,17 = L{e12 − e14, e23 + e34, e13 + λe24, e2 − e4}
we have the result.
Statement 94. A Maxwell space of the class C4,17 is defined by the
tensor Fij such that
F12 = F14 =
1
x2 + x4
(
A cos
ln(x2 + x4)
λ
+B sin
ln(x2 + x4)
λ
+ Cx1
)
,
F23 = −F34 =
1
x2 + x4
(
B cos
ln(x2 + x4)
λ
− A sin
ln(x2 + x4)
λ
− Cx3
)
,
F13 = 0, F24 = C (A, B, C = const). (4.8)
Statement 95. If 1) C 6= 0 and 2) A 6= 0 (or B 6= 0), then the
Maxwell space defined by the tensor (4.8) admits the four-dimensional
group GS = G4,17.
4◦. Class C4,20. For the algebra L4,20 = L{e12−e14, e23+e34, e13, e24}
we have the result.
Statement 96. A Maxwell space of the class C4,20 is defined by the
tensor Fij such that
F12 = F14 =
x1Φ
x2 + x4
, F13 = 0, F23 = −F34 = −
x3Φ
x2 + x4
,
F24 = Φ (Φ = Φ(x˜
4) = Φ((x1)2 + (x2)2 + (x3)2 − (x4)2)).
(4.9)
Statement 97. If Φ′(x˜4) 6= 0, then the Maxwell space defined by the
tensor (4.9) admits the four-dimensional group GS = G4,20.
Remark 4. In [3] the class C4,20 is not empty, but this is more narrow
than above.
5◦. Class C5,9. For the algebra
L5,9 = L{e12 − e14, e23 + e34, e13, e24, e2 − e4}
we have the result.
Statement 98. A Maxwell space of the class C5,9 is defined by the
tensor Fij such that
F12 = F14 =
Cx1
x2 + x4
, F13 = 0, F24 = C,
F23 = −F34 = −
Cx3
x2 + x4
, (C = const).
(4.10)
Statement 99. If C 6= 0, then the Maxwell space defined by the tensor
(4.10) admits the five-dimensional group GS = G5,9.
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6◦. Class C6,5. For the algebra
L6,5 = L{e12 − e14, e23 + e34, e13 + λe2, e1, e3, e2 − e4}
we have the result.
Statement 100. For λ 6= 0 a Maxwell space of the class C6,5 is defined
by the tensor Fij such that
F12 = F14 = C1 sin
x2 + x4
λ
+ C2 cos
x2 + x4
λ
,
F23 = −F34 = C1 cos
x2 + x4
λ
− C2 sin
x2 + x4
λ
,
F13 = F24 = 0 (C1, C2 = const);
(4.11)
if λ = 0, then Fij = 0.
Statement 101. If C1 6= 0 or C2 6= 0, then the Maxwell space defined
by the tensor (4.11) admits the six-dimensional group GS = G6,5.
7◦. Class C6,7. For the algebra
L6,7 = L{e12 − e14, e23 + e34, e13 + λe24, e1, e3, e2 − e4}
we have the result.
Statement 102. A Maxwell space of the class C6,7 is defined by the
tensor Fij such that
F12 = F14 = Φ, F13 = F24 = 0, F23 = −F34 = Ψ, (4.12)
where
Φ =
1
x2 + x4
(
a1 cos
ln(x2 + x4)
λ
− a2 sin
ln(x2 + x4)
λ
)
,
Ψ =
1
x2 + x4
(
a1 sin
ln(x2 + x4)
λ
+ a2 cos
ln(x2 + x4)
λ
) (4.13)
(a1, a2 = const).
Statement 103. If a1 6= 0 or a2 6= 0, then the Maxwell space defined by
the tensor (4.12)–(4.13) admits the six-dimensional group GS = G6,5.
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